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1. Introduction 

Many authors have studied the Hasse-Weil zeta functions of Shimura varieties, and more 
generally the relations between the cohomology of Shimura varieties and automorphic forms. 
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In the approach of Langlands and Kottwitz, an important step is to express the semi- 
simple Lefschetz number in terms of a sum of orbital integrals that resembles the geometric 
side of the Arthur-Selberg trace formula. The geometry of the reduction modulo p of the 
Shimura variety determines which functions appear as test functions in the orbital integrals. 
Via the Arthur-Selberg trace formula, the traces of these test functions on automorphic 
representations intervene in the expression of the semi-simple Hasse-Weil zeta function in 
terms of semi-simple automorphic L-functions. Thus, at the heart of this method is the 
precise determination of the test functions themselves, for any given level structure, and 
this precise determination is a problem that seems of interest in its own right. 

Let us describe more precisely what we mean by test functions. Let Sh^ = Sh{G, h~^,K) 
denote the Shimura variety attached to a connected reductive Q-group G, a family of Hodge- 
structures h, and a compact open subgroup K C G{Af). We fix a prime number p and 
assume that K factorizes as K = K'^Kp C G(AFr) x G(Qp). Let E C C denote the reflex 
field and suppose that for a fixed prime ideal p C Oe over p, Shx possesses a suitable 
integral model, still denoted by Shx, over the ring of integers Oep in the p-adic completion 
Ep. Also, for simplicity let us assume that Ep = Qp (this will be the case in the body of this 
paper.) Write R"^ = R"^''^^^ {Q£) for the complex of nearby cycles on the special fiber of 
Shx, where i ^ p is a fixed prime number. For r > 1, let A:,, denote an extension of degree 
r of Fp, and consider the semi-simple Lefschetz number defined as the element in Q^ given 
by the sum 

xeShK(kr) 

where $p denotes the Frobenius morphism for Shx ®Oe ^p- (^^ refer the reader to |HN) 
for a discussion of semi-simple trace on Q^-complexes being used here.) 

The group-theoretic description of Lef^''($p, R^) emphasized by Langlands [Lj and Kot- 
twitz |K84| IK90| should take the form of a "counting points formula" 

Lef^^($p^i^*)= Y. c(7o;7,<5)O^(r)TO5.(0,). 

(7o;7.'5) 

The sum is over certain equivalence classes of triples (70; 7, 5) G G'(Q) x G{hFr) x G{Lr), 
where Lr is the fraction field of the ring of Witt vectors W{kr), and where a denotes the 
Frobenius generator of Gal{Lr/Qp). We refer to section^ for a discussion of the implicit 
measures and the remaining notation in this formula. 

We take the open compact subgroup Kp of the kind that for any r > 1 it also defines 
an open compact subgroup Kpr of G{Lr). In terms of the Haar measure dxK r on G{Lr) 
giving Kpr volume 1, we say (pr = <i>r{R^) is "the" test function if the counting points 
formula above is valid. It should be an element in the Hecke algebra 'H{G{Lr),Kpr) of 
compactly-supported ifpr-bi- invariant Q^-valued functions on G{Lr). The function cpr is 
not uniquely-determined by the formula, but a striking empirical fact is that a very nice 
choice for cpr always seems to exist, namely, we may always find a test function (pr belonging 
to the center Z{G{Lr),Kpr) ofT-L{G{Lr), Kpr). (A very precise conjecture can be formulated 
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using the stable Bernstein center (cf. [ Vo] ) , but this will be done on another occasion by 
one of us (T. H.).) 

In fact, test functions seem to be given in terms of the Shimura cocharacter /i/j by a 
simple rule. Let us illustrate this with the known examples. Assume Gq is unramified. 
Let n = fih denote the minuscule cocharacter of Gq^ associated to h and the choice of an 
embedding Q ^-s- Qp extending p, and let fi* denote its dual (i.e. /i* = —WQ{fi) for the 
longest element wq of the relative Weyl group). If Kp is a hyperspecial maximal compact 
subgroup, and Shx is PEL of type A or C, then Kottwitz jK92j shows that Shx has an 
integral model with good reduction at p, and that (pr may be taken to be the characteristic 
function 1^ rii*{p)K r ^^ the (commutative) spherical Hecke algebra T-l{G{Lr),Kpr). Next 
suppose that Shx is of PEL type, that Gqj, is split of type A or C, and that Kp is a 
parahoric subgroup. Then in |HNj . |H05] it is proved that 0^ may be taken to be the 
Kottwitz function k^*^.,. = p^dim(5/iA')/2 ^ /^ i^ Z{G{Lr), Kpr), thus confirming a conjecture 
of Kottwitz. Here for an Iwahori subgroup K contained in Kpr the symbol Zn*^r denotes 

K r 

the Bernstein function in Z{G{Lr),Ir) described in the Appendix, and -z„/j, denotes the 
image of z^*^r under the canonical isomorphism Z{G{Lr),Ir) — > Z{G{Lr), Kpr) given by 
convolution with the characteristic function of Kpr (see [H09j ) . 

In this article, we study Shimura varieties in the Drinfeld case. From now on we fix the 
associated "unitary" group G, coming from an involution on a semi-simple algebra D with 
center an imaginary quadratic extension F/Q and with diuipD = dP (see section^. We 
make assumptions guaranteeing that Gq^ = GL^ x G^, so that we may identify /i with 
the Drinfeld type cocharacter /ig = (1,0°'~^) of GL^. For Kp we take either the Iwahori 
subgroup / of GL(^(Zp) x Z^ of elements where the matrices in the first factor are congruent 
modulo p to an upper triangular matrix, or its pro-unipotent radical /"'' where the matrices 
in the first factor are congruent modulo p to a unipotent upper triangular matrix. The 
first case leads to the ro(p)-level moduli scheme, and the second to the ri(p)-level moduli 
scheme. 

The ro(p)-level moduli scheme ^o is defined as parametrizing a chain of polarized abelian 
varieties of dimension d? with an action of a maximal order in D. The moduli problem Ai 
is defined using the Oort-Tate theory [OTj of group schemes of order p. Namely, ^i — )■ ^o 
is given by choosing an Oort-Tate generator for each group scheme Gj (i = 1, . . . , d) coming 



from the flag (3.3.5) of p-divisible groups attached to a point in Aq. We use the geometry 



of the canonical morphism 

-K : Ai^ Aq 
to study the nearby cycles R^i on Ai®¥p. The following theorem summarizes Propositions 



12.1.1 and 12.2.1 It is the analogue for Ai of the theorem for ^o mentioned above, which 
identifies the test function ^^(-R^o) with the Kottwitz function A;^*,r in the center of the 
Iwahori Hecke algebra. 
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Theorem 1.0.1. Consider the Shimura variety Shx = •^i,kp in the Drinfeld case, where 
Kp = I^ is the pro-unipotent radical of an Iwahori subgroup I C G(Qp). Let I^ C Ir denote 
the corresponding subgroups of Gr := G{Lr). Then with respect to the Haar measure on Gr 
giving /+ volume 1, the test function (f)r,\ = (t>r[R^i) is an explicit function belonging to 
the center Z{Gr,I^) of'H{Gr,I^)- 



(See section 12 for the spectral characterization of (pr,! and an exphcit formula for it.) 
The centrality of test functions facilitates the pseudo-stabilization of the counting points 
formula. The test function (j)r,i £ Z{Gr,I^) is characterized by its traces on depth-zero 
principal series representations, and a similar statement applies to its image under an ap- 
propriate base-change homomorphism 

br:Z{Gr,I^)^Z{G,I~^) 



which we discuss in section 10 As for the spherical case |Cll ILabj and the parahoric case 



|H09| ■ the present br yields pairs of associated functions with matching (twisted) stable 



orbital integrals |H10) (see Theorem 10.2.1 for a statement), and this plays a key role in 



the pseudo-stabilization, cf. subsection 13.4 In our case, the image br{4>r,i) of (/>r,i has the 



following nice spectral expression (Cor. 13.2.2|) 



Proposition 1.0.2. Write /r,i := bj.{(j)r,i) G ^{G,!^). Let {r^*,V^*) denote the irreducible 
representation with extreme weight fi* of the L-group ^{Gq^). Let <l> € Wq^ denote a 
geometric Frobenius element and let Ip C Wq^ denote the inertia subgroup. Then for any 
irreducible smooth representation -Kp of G{Qp) with Langlands parameter ip'^ : Wq — ;■ G, 
we have 

trTTpifr,!) = dim(7rf )/<''''^*) Tr(v o c^;^(cl>^'), y/r). 

It is expected (cf. |RpO| ) that semi-simple zeta functions can be expressed in terms of 
semi-simple automorphic L-functions. By their very definition, the semi-simple local L- 
factors L^^{s,TTp,rf^*) involve expressions as on the right hand side above. In section 



13.4 



we use this and Theorem 10.2.1 to describe the semi-simple local factor Zp'^{s,Ai^Kp) of 



Ai = Ai^KP, when the situation is also "simple" in the sense of Kottwitz )K92b| . 

Theorem 1.0.3. Suppose D is a division algebra, so that the Shimura variety Ai = Ai^kp is 
proper over SpecZp and has "no endoscopy" (cf. |K92bj ). Let n = d — 1 denote the relative 
dimension of Ai^kp- For every integer r > \, the alternating sum of the semi-simple traces 

2n 

Y,{-lf T^'%% , ii'{Ai,KP (^E E^,Qi)) 
i=0 

equals the trace 

Tr(lxP CS fr,i CS /oo , L2(G(Q) AG{M.r\G{A))). 

Here Aq is the split component of the center of G and /oo is the function at the archimedean 
place defined by Kottwitz |K92b] . 
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In section 13.4 we derive from the two previous facts the fohowing result. 



Corollary 1.0.4. In the situation above, we have 



z;%s,Ai,K.) = ll^"'{ 



n 

s - -,vr. 



. Na(7r/)dim(7r^) 



TTf 



where the product runs over all admissible representations vrj ofG{Af). The integer a{'Kf) 
is given by 

"(^/) = X] m'(7r/(g'7roo)tr7roo(/oo), 



TTooSn 



OO ^J^^CXD 



where m(7rj ® tt^) is the multiplicity of ttj ( 
is the set of admissible representations of (7(11 
infinitesimal character. 



vToo m L2(G(Q)Ag(M)°\G(A)). Here H^ 
I having trivial central character and trivial 



We refer to Kottwitz's paper |K92bj for further discussion of the integer a{'Kf). Note that 
in the above product there are only a finite number of representations vr/ of G{Af) such 
that a{irf) dim(7rj^) / 0. 

Of course, this corollary is in principle a special case of the results of Harris and Taylor 
in |HTj which are valid for any level structure. However, our emphasis here is on the 
explicit determination of test functions and their structure. To be more precise, let us 
return to the general Drinfeld case, where D is not necessarily a division algebra. By the 
compatibility of the semi-simple trace with the finite morphism vr from Ai to Aq , we have 
Lef**($p,it:*i) = Lef**($p,7r*_R^i), cf. |HNj . In terms of test functions this means 

(The factor [Ir : I^] appears since we use dxj+ to normalize (priR^i), and dxj^ to normalize 



(j)r{iT^:R^i).) Thus to establish Theorem 1.0.1, it is enough to study vr^iJ^i on ^o "X" Fp. 



d 



We do this by decomposing 7r*i?^i into "isotypical components", as follows. 

The covering tt is finite fiat of degree {p — l)'^, and its generic fiber vr.^ is a connectecrj 
etale Galois cover with group r(Fp), where T denotes the standard split torus T 
we obtain a decomposition into r(Fp)-eigenspaces 

^)= e 



Following section 



5.3 



VTn 



■,X ' 



and, setting i?^^ 



R"^{<Qe^^), we also get 



® 



i2*. 



In Theorem 5.3.1 we describe the restriction of R^x ^° ^^V KR-stratum Aq^s (in fact, in 



Theorem 5.3.1 we only describe the inertia invariants in the cohomology sheaves of this 
restriction, but this is sufficient for our purpose). Here for a non-empty subset S C Z/d, 



^See Corollary 3.4.4 
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the stratum Aq^s is the locus of points {A,, A, i, tj) £ Aq ® Fp such that the order p group 
scheme Gi = ker(Xj_i — )• Xj), defined by (3.3.5), is etale if and only if i ^ 5. In Corollary 
3.4.4 we show that tt restricts over ^o s to give an etale Galois covering 



whose group of deck transformations is the quotient torus T^{¥p) 
T5 = niP5Gn^andr5 = n. 



Ti¥p)/Tsi¥p). Here 



li(^S 



In Theorem 4.1.1 (which is perhaps of independent interest) we show following the method 
of Strauch jStrj that the monodromy of vr^ is as large as possible, in other words, that for 
any x G Ao^si^p) the induced homomorphism 

7TiiAo,s,x)^T^{¥p) 



is surjective. This is one ingredient in the proof of the following theorem (Theorem 5.3.1). 
Let is : -4.0,5 -^ Ao(d¥p denote the locally closed embedding of a KR-stratum. 

Theorem 1.0.5. The action of the inertia group Ip on the i-th cohomology sheaf of i*g(R^x) 
is through a finite quotient, and its sheaf of invariants {T-L^{^i*g{R^^))) ^ vanishes, unless x 
factors through a character x '■ T (¥p) — t- Qf . In that case, there is a canonical isomor- 
phism, 

{WizUR^x)))'" = (vr5*(Q^))x®^*fe(«^o)). 
Here the sheaf {7^s*{Qi))x ^■^ '^ rank one local system (with continuous compatible Galois 
action) defined on each connected component of Ao,s by the composition 



By R^(^ 



7ri(A,5®Fp,x)^T^(Fp) 
i?^-^" we denote the complex of nearby cycles for Aq. 



This sheaf-theoretic product decomposition is mirrored by the corresponding product 
decomposition of the test function (/)r,x = (priR^x)'- °^ ^^^ elements tw G T{kr) xi W 
indexing I:^\Gr/I^ we set 



Here 6^{w ^,x) S {0, 1} is defined in (6.5.4), and Xr denotes the composition of the norm 
homomorphism Nr : T{kr) -^ T{¥p) and x ■ T{¥p) -^ Q^ . The factor S'^{w'^,x) Xr^{t) 



and 



8.3.2). In section p^ we prove that 



comes directly from {TTs*iQe))x (see Lemmas 7.3.1 
this function really is a test function for R^x- 

In fact, a stronger point-by-point statement is true. To a point x G Ao{kr) there is 
canonically associated an element w = Wx G W which lies in the n- admissible set Adm (^) 
and which corresponds to the unique non-empty subset S{w) of Z/d with x £ Ao^s(w) (cf- 
Proposition 3.5.1). Furthermore, associated to x there is an element tx € T^^^'[¥p) which 
measures the action of the Frobenius $p on the fiber of tt over x, cf. (7.3.1). The following 
is Theorem 17. 3. 1[ 
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Theorem 1.0.6. For x G A(^r), 

where t G T{kr) is any element such that Nr{t) G T{¥p) projects to tx- 

By its very construction (j)r^^ belongs to the Hecke algebra 'H{Gr,IriXr) (see section |9]). 
The final step is to use the Hecke algebra isomorphisms of Goldstein, Morris, and Roche 
(Theorem 9.3.1) to prove that (l)r,x ^i^s in the center Z{Gr, Ir,Xr) of 'H{Gr, Ir,Xr), and to 



identify it explicitly as an element of the Bernstein center of Gr ■ In our setting, the Hecke 
algebra isomorphisms send 7i{Gr, Ir,Xr) to the Iwahori Hecke algebra 7i{Mr,lMr) foi" a 
certain semistandard Levi subgroup M = My. that depends on x via the decomposition 



of {l,...,d} defined by x (section 6.5). In fact, there are many Hecke algebra isomor- 
phisms ^^, each determined by the choice of an extension of Xr to a smooth character 
Xr '■ ^xi-^r) — ^ Q^) where N^ denotes the x-hxer in the normalizer A^ of the standard split 
torus r in G (cf. Lemma 9.2.3 and Theorem 9.3.1). There is a particular choice of a Hecke 



algebra isomorphism ^^^ which is most useful here (see Remark 9.2.4), and which is used 



in the following proposition (Prop. 11.2.1). This proposition exhibits a certain coherency 
between test functions for G and for its Levi subgroups, and is a key ingredient in the proof 



of Proposition 1.0.2 



Proposition 1.0.7. Let M 

The Hecke algebra isomorphism 



M^ as above. Let w 



p, viewed as a uniformizer in L^ 



^^^ : n{Gr,Ir,Xr) ^ U^M^jMr) 



takes the function 4>r,x ^o a power of q(= p^) times a particular Kottwitz function k {, in 
Z{Mr,lMr)- In particular, (j)r,x ^■^ a function in the center Z{Gr,Ir,Xr) and its traces on all 
irreducible smooth representations Hp can be understood explicitly in terms of the Bernstein 
decomposition. 



Let us remark that this proposition relies in a crucial way on Proposition 6.3.1 (e), a 



combinatorial miracle which is perhaps special to the Drinfeld case. One might still hope 
that similar results to the ones obtained here are valid for other Shimura varieties with a 
level structure at p given by the pro-unipotent radical of an Iwahori subgroup. 

Our results bear a certain resemblance to the results of Harris and Taylor in |HT2j . 
They also use Oort-Tate theory to analyze a Galois covering of ^O) and apply this to the 
calculation of the complex of nearby cycles, by decomposing it according to the action of 
the covering group. Their covering is of degree p — 1 and is dominated by ^i. However, 
the analysis of test functions does not play a role in their paper. We also point out the 
papers [Sclj ISc2j by P. Scholze, in which he shows that the Langlands-Kottwitz counting 
method applies quite generally to the determination of the local factor of the semi-simple 
zeta function in the Drinfeld case, for an arbitrary level structure at p. More precisely, in the 
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case of the elliptic moduli scheme, Scholze [Sclj gives an explicit test function for any r(p"')- 



level structure, and he also gives a pointwise formula analogous to Theorem 1.0.6 above. In 
the general Drinfeld case, but assuming D is a division algebra, Scholze |Sc2J constructs a 
test function for arbitrarily deep level structures; however, to obtain an explicit expression 
of this function in the general case seems hopeless, and also the relation between his test 
functions and the geometry seems to be less close, since an analogue of Theorem 1.0.6 is 
missing. It would be interesting to relate Scholze's approach to ours, and perhaps deduce 
a posteriori the explicit expression of our test functions from his general results. 

We now explain the lay-out of the paper. 

In ^we list our global notational conventions. In ^we define the moduli schemes ^o 
and ^1, and prove basic results concerning their structure, in particular that they have 
semi-stable reduction and that the morphism vr : ^i — > Aq is finite and flat. In ^ we 
prove that the monodromy of the restriction of vr to each stratum Aq^s of -^0 ® "^p is as 
large as possible. In qSlwe determine the complexes R^q and tTj,{R'^i) along each stratum 
^0,5- In §6^ we discuss the admissible set Adm(/x) in the case at hand and analyze some 
combinatorial aspects of the Kottwitz function. In ^ we prove the "pointwise" Theorem 



1.0.6 above. In ^we use this theorem to prove the "counting points formula" for the semi- 
simple Lefschetz number. In ^we present recollections on the Hecke algebra isomorphisms 
of Goldberg, Morris, and Roche, and their relation to the Bernstein decomposition. In p!o| 
we give the facts on the base change homomorphisms in the depth zero case that are used in 
the sequel. In Ql we determine the image of our test functions (j)r,x under the Hecke algebra 



isomorphisms, and show the centrality of these functions. In { 12 we sum up explicitly all 
test functions (j)r,x to (^r,i and show that (j)r,i is central in the Hecke algebra T-L{Gr,I^)- In 
§13| everything comes together, when we show that the Kottwitz method can be applied to 



yield Theorem 1.0.3 and Corollary 1.0.4 above. Finally, the Appendix proves in complete 
generality that the Bernstein function z^ is supported on the set Adm(/x); a special case of 
this is used in ^ 

We thank G. Henniart, R. Kottwitz, S. Kudla, G. Laumon, and P. Scholze for helpful 
discussions. We also thank U. Gortz for providing the figure in section [6| 



2. Notation 

Throughout the paper, p denotes a fixed rational prime, and i denotes a prime different 
from p. 

We list our notational conventions related to p-adic groups and buildings. Outside of 
section |3l the symbol F will denote a finite extension of Qp, with ring of integers O = Op, 
and residue field kp having characteristic p. We often fix a uniformizer zu = vop for F. 

For r > 1, we write F^ for the unique degree r unramified extension of F contained in 
some algebraic closure of F. We write Or for its ring of integers and kr for its residue 
field. Usually, F = Qp and then kr = Fpr, and we then write Qpr for Fr. When we work 
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with W{kr), the ring of Witt vectors associated to kr, we will write Lr (and not Fr) for its 
fraction field. 

If G is a split connected reductive group defined over Op, the symbol T will denote a 
F-split maximal torus in G, and B a F-rational Borel subgroup containing T. Then T 
determines an apartment At in the Bruhat-Tits building B{G,F). We may assume that 
the vertex vq corresponding to the hyperspecial maximal compact subgroup G[Of) lies in 
At- The choice of B determines the dominant and antidominant Weyl chambers in At- Fix 
the alcove a which is contained in the antidominant chamber and whose closure contains 
vq. Let A^ denote the normalizer of T in G. Having fixed vq, a and At, we may identify the 
Iwahori-Weyl group W := N{F)/T{Of) with the extended affine Weyl group X^{T) xi W, 
and furthermore the latter decomposes canonically as 

(2.0.1) W = W^sy^ n, 

where Wag is the Coxeter group with generators the simple affine reflections 5'afr through 
the walls of a, and where is the subgroup of W which stabilizes a (with respect to the 
obvious action of W on the set of all alcoves in At)- The Bruhat order < on Wa.s determined 
by i^aff extends naturally to the Bruhat order < on W: if wt and w't' are elements of W 



decomposed according to (2.0.1 ), then we write wt < w't' if and only if r = r' and w < w' . 
For any /i G X*(T), we define the fi-admissible set Adm (^) to be 

Adm'^(;u) = {w gW \ w <tx, for some A G W{^)}, 

cf. |Rp| , §3. We write Adm(^) in place of Adm (^u) if the group G is understood. 

We embed W into Ng{T)(F), using a fixed choice of zu, as follows. Let w = txw G 
X*(T) XI W- We send tx to X{zu) G T{F) and w to any fixed representative in Nq(^q){T{0)). 
(If G = GLrf, we shall always send w to the corresponding permutation matrix in GLd(C').) 
These choices give us a set-theoretic embedding 

i^:W^ G(F). 

Let / be the Iwahori subgroup corresponding to the alcove a, and let I~^ denote the pro- 
unipotent radical of I. We use Teichmiiller representatives to fix the embedding T{kp) ^-)- 
T{0). Then there is an isomorphism 

Tikp) ^ T{0)/{T{0) n /+) ^ ///+, 

where the second arrow is induced by the inclusion T{0) C /. 

Using this together with i^, we can state as follows the Bruhat-Tits decomposition, and 
its variant for J"*" replacing /: 

I\G{F)/I = W 

I+\G{F)/I+ = Tikp) X W. 

For w G W, the coset Iwl = li-i^iw)! is independent of the choice of ro; but the second 
decomposition really does depend on w. 
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For a character x '■ T{kp) — > Q^ we denote by T-l{G, I, x) the Hecke algebra of smooth 
compactly supported functions / : G{F) — > Q^ such that f{iigi2) = X~^(*i)/(5)x~^(^2) 
for ii,i2 G /, where the character x is extended to / via the homomorphism / — > T^kp). 
When X = triv is the trivial character, we use the notation T-l{G,I). By Z{G,I,x), resp. 
2{G, I) we denote the centers of these algebras. Similarly, we have 1-L{G, I^) and Z{G, I^). 

Finally, we specify some more general notation. If S" C X is a subset, then l^ will 
denote the characteristic function of S. If S is contained in a group G, and g £ G, then 
^S := gSg~^. For a character x on a torus T and an element w £ W = Ng{T)/T, we define 
a new character ^x by "'x(^) = xi'^^^iw). 

3. Moduli problem 

3.1. Rational and integral data. Let F be an imaginary quadratic extension of Q and 
fix an embedding e : F — > C. We denote by a; i— t- x the non-trivial automorphism of F. 
Let p be a prime number that splits as a product of distinct prime ideals in F, 

(3.L1) p Of = p-p. 

Let D be a central simple F-algebra of dimension (P and let * be an involution of D 



inducing the non-trivial automorphism on F. According to the decomposition (3.1.1), we 



have F (g) Qp = Fp x Fp, with Fp = F^ = Qp. Similarly, the Qp- algebra D (giQ Qp splits as 

(3.1.2) D^Qp = DpxDp, 

and the involution * identifies Dp with Dp^^ . We make the assumption that Dp is isomor- 
phic to Mrf(Qp). We fix such an isomorphism which has the additional property that the 
resulting isomorphism D (g Qp — Mrf(Qp) x M(;(Qp)°PP transports the involution * over to 
the involution iX,Y) ^ (y*,X*), for X,Y £ Mrf(Qp). 

We introduce the algebraic group G over Q, with values in a Q- algebra R equal to 

G{R) = {x £ {D (S)Q R)'' \ X ■ X* e R""} . 



Then using the decomposition (3.1.2) we have 



G xspecQ SpecQp ~ GLrf xG^ . 

Let ho : C — > D^ be an M-algebra homomorphism such that hQ{z)* = ho{z) and such that 
the involution x i— )• /io(0~^^*^o(0 is positive. We recall from |H05| , p. 597-600 how to 
associate to these data a PEL-datum {B, l, V, V'(-, •), ho). 

Let B = D°PP, and V = D, viewed as a left i?-module, free of rank 1, using right 
multiplications. Then D can be identified with G = EndB(y), and we use this identification 
to define ho '■ C — > Ck. There exists ^ G D^ such that ^* = — ^ and such that the involution 
i on 5 given by x' = £,x*^~^ is positive. We define the non-degenerate alternating pairing 
^lj{-,-):DxD^qhy 



Shirnura varieties with ri(p)-level via Hecke algebra isomorphisms 11 

Then 

tp{xv,w) = ip{v,x''w) , v,w GV, X £ D , 

and, by possibly replacing ^ by its negative, we may assume that ip{-,ho{i)-) is positive- 
definite. 

These are the rational data we need to define our moduli problem. As integral data we 
denote by Ob the unique maximal Z(„-)-order in B such that under our fixed identification 

B0qQp = MdiQp) X Md(Qp)°PP we have 

Ob'^^p = MdiZp) X Md(Zp)°PP . 

Then Ob is stable under l. 

We define the field E, which turns out to be the refiex field of our Shimura variety, to 
be equal to F when d > 2 and equal to Q when d = 2. Further let R = Oe^ when d > 2, 
where we fix a choice p of one of the two prime factors of p, and R = Zp when d = 2. In 
either case R = Zp. Let S* be a scheme over Speci?. We will consider the category AVog 
of abelian schemes A over S with a homomorphism 

i-.Ob — > Ends (A) <S> Z{p) ■ 

The homomorphisms between two objects {Ai,ii) and (^2,12) are defined by 

Hom((^i,n),(^2,i2)) = BomoBiAi,A2) (X" Z(p) 

(elements in Hom5'(^i,^2) '^ Z(p) which commute with the O^-actions). If {A,i) is an 
object of this category, then the dual abelian scheme A, with OB-multiplication i : Ob — > 
End(A) fS> Zj-p) given by i(b) = {i{b''))^, is again an object of this category. A polarization 
of an object (A, i) is a homomorphism A : A — > A in AVog such that n\ is induced by 
an ample line bundle on A, for a suitable natural number n, and a polarization A is called 
principal if A is an isomorphism. A Q-class of polarizations is a set A of quasi-isogenies 
{A, i) — 7- {A, i) such that locally on S two elements of A differ by a factor in Q^ and such 
that there exists a polarization in A. 

3.2. Definition of Aq. Let K^ be a sufficiently small open compact subgroup of G{AK). 
Since K^ will be fixed throughout the discussion, we will mostly omit it from the notation. 

Definition 3.2.1. Let Aq^kp = Aq be the set-valued functor on (Sch/i?) whose values on 
S are given by the following objects up to isomorphism. 

1.) A commutative diagram of morphisms in the category AVog 

Ao ^ Ai ^ ^ Ad^i ^ Ao 



Ao 



Ad-i 



Ao 



Ao ^ Ad-1 ^ ^ Ai ^ A 



• 
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Here each a is an isogeny of degree p^'^ and a'^ = p ■ id^o- Furthermore Aq is a Q-class 
of polarizations containing a principal polarization, and the collection A, is given up to an 
overall scalar in Q^ . 

2.) A ET^-level-structure, i.e., an isomorphism 

jyP : y 0Q AP ^ Fi (Ao, Ap mod K^ , 

which is Os-linear and respects the bilinear forms of both sides (induced by Aq and ip 
respectively) up to a constant in (A^)^. 

We require of each Ai the Kottwitz condition of type (1, d — 1) in the form 



(3.2.1) char(i(2;) | Lie^j) = char(x) • char(j;) , x G Ob ■ 

Here char(x) G Op'i^'^plT] denotes the reduced characteristic polynomial of x (a polynomial 
of degree d, so that dim Aj = cP for all i). 

This functor is representable by a quasi-projective scheme over SpecZp, see |K92j . If D 
is a division algebra, Aq^kp is a projective scheme over Zp. 

3.3. Definition of ^i. Our next aim is to describe a moduli scheme ^i = Ai^kp which 
is equipped with a morphism to ^o- We shall need the theory of Oort-Tate which we 
summarize as follows, cf. jGT| . Thm. 6.5.1, cf. also [DR], V. 2.4. 

Theorem 3.3.1. (Oort-Tate) Let OT be the Zp-stack of finite flat group schemes of order 

P- 

(i) OT is an Artin stack isomorphic to 

[{SpecZp[X,Y]/{XY -Wp))/Gm] , 

where Gm nets via A • {X,Y) = {X^^^X,X^^^Y). Here Wp denotes an explicit element of 
pZ^. 

(ii) The universal group scheme Q over OT is equal 

Q = [{SpecoTO[Z]/{ZP - XZ))/G^] , 

(where Gm dcts via Z i— )• XZ), with zero section Z = 0. 

(iii) C artier duality acts on OT by interchanging X and Y . D 

We denote by ^^ the closed subscheme of Q defined by the ideal generated by Z^'^ — X. 
The morphism Q^ — > OT is relatively representable and finite and flat of degree p — 1. 
Note that after base change to the generic fiber OT XgpecZp SpecQp, the group scheme G 
is etale and the points of ^^ are the generators of Q. Therefore ^^ is called the scheme of 



generators of Q, cf. |KMj and Remark 3.3.2 below. The group F^ = Hp-i acts on Q^ via 



Z I — > (Z. The restriction of Q^ to OT XgpecZp SpecQp is a p.h.s. under F^ . 

If G is a finite flat group scheme over a Zp-scheme S, it corresponds to a morphism 
If : S — >• OT such that G = f*{G)- The subscheme of generators of G is by definition the 
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closed subscheme G^ = (p*{0^). Note that if 5 = SpecFp and G is infinitesimal, the zero 
section is a generator, i.e., is a section of G^ . 

Remark 3.3.2. Let c G G{S). We claim that c € G^{S) if and only if c is an element of 
exact order p, in the sense of Katz-Mazur [KM) . (1.4). (By loc. cit. Theorem 1.10.1, this 
condition on c may be described in terms of Cartier divisors, or alternatively by requiring 
that the multiples of c (as in (3.3.1) below) form a "full set of sections" in the sense of 
loc. cit. (1.8.2).) We are grateful to Kottwitz for pointing out how this may be easily 
extracted from |OTj and |KMj . as follows. 

Write for the zero section. We need to show that c G G^ (S) if and only if 

(3.3.1) {0,c,[2]c,--- ,[p-l]c} 

is a full set of sections of G/S in the sense of [KM], (1.8.2). By localizing we reduce to 
the affine case, so that S = SpecR for a Zp-algebra R, G = Spec R[Z]/{ZP — aZ) for some 
a G pR, and c is an element of R satisfying c^ — ac = 0. By [OT], p. 14, (3.3.1) coincides 
with the set 

(3.3.2) {0,c,ec,...,CP-M 



for ^ G Zp an element of order p — 1. By Lemma 1.10.2 of |KMj . (3.3.2) is a full set of 
sections for G/S if and only if we have the equality of polynomials in R[Z] 

p-2 

ZP-aZ = zYl{Z-Cc). 

j=0 

Clearly this happens if and only if a = c^~^, that is, if and only if c G G^ {S). 

We now return to our moduli problem ^o- Let {A,, l,, a,, \m,rf) be an S'-valued point 
of Aq. Let Ai(p'^) be the p-divisible group over S attached to Ai. Then Ob 'S^ Zp acts on 
Ai {jp° ) and the decomposition Ob ®^p = Ob^ x Ob- induces a decomposition 

(3.3.3) ^,(p~) = ^,(p°^)xA,(p°°). 



Using (3.2.1 ), we see that the p-divisible group ^i(p°°) is of height d^ and dimension d, and 
the p-divisible group Ai(p°°) is of height d} and dimension d(d — 1). On either p-divisible 
group there is an action of Mrf(Zp). Using now the idempotent en G M^(Zp) we may define 

(3.3.4) Xi = eiiyl,(p°°) . 

This is a p-divisible group of height d and dimension 1, and ^j(p°°) = Xf (canonically, 
compatible with the M(i(Zp)-action on both sides). By the functoriality of this construction, 
we obtain a chain of isogenics 

(3.3.5) Xo ^ Xi A . . . i^ Xrf_i ^ Xo , 

each of which is of degree p and such that a = p ■ idxo- Henceforth let X^ := Xq. Let 

(3.3.6) Gi = ker(Q : Xj_i — > Xi) , i = 1, . . . ,d . 
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Then each Gi is a finite flat group scheme of rank p over S, and the collection (Gi, . , 
defines a morphism into the d-fold fiber product, 

(3.3.7) ^-.Ao^OT xspccz, . • • xgpecZ, OT . 

Now ^1 KP = -4i is defined as the 2-fiber product 



. 1 (j,i 



Ai 



Ao 



xQ' 



^OTx ...xOT . 



The morphism tt is relatively representable and finite and flat of degree {p — 1) . It is an 
etale Galois covering in the generic fiber with Galois group (F^)'^, which ramifies along the 



special fiber, cf. Corollary 3.4.4 



Using the terminology and notation introduced above, the scheme Ai^kp classifies objects 
{A,, i,,a,, X,,rf) of Aq^kp, together with generators of the group schemes Gi, . . . ,Gd (i.e. 
sections of Gf , . . . , G^). 

Remark 3.3.3. A less symmetric, but equivalent, formulation of the moduli problems ^o 
and Ai is as follows. Let us define a moduli problem A'q^rp over (Sch /Zp) that associates 
to a Zp-scheme S the set of isomorphism classes of objects {A, i) of AVq^ over S satisfying 
the Kottwitz condition of type (l,(i— 1) as in (3.2.1), with a Q-class of polarizations A 



containing a principal polarization, and equipped with a if^-level structure ff . Let X be 
the unique p-divisible group over S with A{p°°) = X'^ compatibly with the action of Mrf(Zp) 
on both sides. In addition to {A, i, A, f]^) we are given a filtration of finite fiat group schemes 

{0)=HoCHiC---C Hd-i CHd = X[p] , 

such that Gi = Hi/Hi^i is a finite fiat group scheme of order p over S", for z = 1, . . . ,d. 
Similarly, we can define a moduli problem A!i^kp^ where one is given in addition a section 
of Gf(5), fori = l,...,d. 

The moduli problems ^g and ^O) resp. A!i and ^i, are equivalent. Indeed, it is clear that 
an object of Aq^kp defines an object of A'o^kp (put Hi = ker a* : Xq — > Xi). Conversely, 
starting from an object of ^'o.e'p, we obtain as follows an object of Aq^kp- Let Aq G A 
be a principal polarization. Let Xq = X'^ = j4o(p°°). The fiag of finite fiat subgroups of 
X'^ = Ao(p-), 

{^) = H^ C Hf C ■■• C HUc X'i[p] 

defines a sequence of isogenics of p-divisible groups 

(3.3.8) x'^^X'l^...^ X'U -^ K 

with composition equal to p ■ id. Furthermore, Aq defines an isomorphism j4o(p°°) — 
Ao(p°°)^. Now one checks that there exists exactly one commutative diagram of isoge- 



nics in AVog as in Definition 3.2.1, 1.) which induces the chain of isogenics (3.3.8) on the 



p°°-part of A,{p°°) and such that Aq induces the previous isomorphism between ^o(p^ 
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and Aq{p°°)^. This shows how to construct an object of ^o from an object of ^q, and it is 
easy to see that this imphes that Aq^kp is equivalent to A'qj^p. 
The equivalence of Ai^rp and A'i^kp is then obvious. 

3.4. The structure of ^o and Ai. Let 

LieXo — > LieXi — > . . . — > LieX^i^i — > LieXo 

be the chain of homomorphisms of invertible sheaves on ^o '^ ^pi given by the Lie algebras 
of the universal p-divisible groups Xi over ^o "SD Fp. For i = l,...,d, let Aqa be the 
vanishing locus of LieXj_i — > LieXj. More precisely, Ao^i is the support of the cokernel of 
(LieXj)^ — )• (LieXj_i)^. From the theory of local models we have the following theorem, 
cf. [Gl], Prop. 4.13. 



Theorem 3.4.1. The scheme Aq has strict semi-stable reduction over SpecZp. More 
precisely, the Ao^i for i = l,...,d are smooth divisors in Aq, crossing normally, and 

A®Fp = UiAi- o 



As usual, the divisors Aq^i define a stratification of AQ®¥p. For x G Aq{¥p) let 



(3.4.1) S{x) = {i G Z/d I X G A,0 • 

Then S{x) is a non-empty subset of Z/d := {1, . . . ,d}, called the set of critical indices of 
X. In terms of the d-tuple (Gi, . . . , Gd) of finite group schemes of order p attached to x, 

S{x) = {i G "L/d I Gi infinitesimal } . 

To any non-empty subset S of Z/d we can associate the locally closed reduced subscheme 
^0,5 of Aq ®¥p, with ^0,5 (Fp) equal to the set of Fp-points with critical set equal to S. 
From Theorem 13.4.11 we deduce 

(3-4.2) A ® Fp = y^^^ Ao,s , A^ = IJ505 A,s' • 



Theorem 3.4.1 also implies that Aq^s and its closure Aq^s are smooth of dimension d — \S\. 

In order to investigate the structure of ^1, we consider for i = 1, . . . ,d, the morphism 

(fi : ^0 — > OT defined by associating to an 5-valued point of ^0 the finite flat group 



scheme Gi of order p, comp. (3.3.7). 



Lemma 3.4.2. Let x G .Ao,5(Fp). Then there is an etale neighborhood of x in Aq^s which 
carries an etale morphism to an affine scheme Spec O, where 

O ^ W{¥p)[T,, . . .,Td][T7\j ^ SyiH^^J, - wp) , 

such that the traces of the divisors A^^i on Spec O are given by Ti = 0, and such that the 
morphisms tpi to OT = [[SpecIjp[X,Y]/{XY — Wp))/Gm] are given by 

(3.4.3) ^UX) = u,T,, ^*{Y) = u;Xr^l[ Tj , 

where Ui is a unit in O. 
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Here, if z G 5, we understand T~ Y\j^s^i *° ^^ Y\j(^s j^i'^i^ with the convention that 
the empty product is 1. 



Proof. It is clear from Theorem 3.4.1 that the ring O and the elements Ti, . . . ,Td can be 
chosen with the first two properties. It remains to show that for each i, there exists a unit 
Ui S O^ such that (3.4.3) holds. The group scheme Gi over SpecO is obtained by pullback 
under ipi of the universal group scheme Q over OT, hence 

G, = SpecO[Z]/(ZP-(^*(X)-Z) . 

The reduced locus in Spec O over which d is infinitesimal is defined by the equation 
^*{X) = 0. On the other hand, it is also given by Tj = 0. Hence 

for some m, > 1, where Ui G O^ . Let gi = '^*{Y). Then 

UiT^Qi = Wp = Y[,^^ Tj . 

For i ^ S, the elements y^*{X) and Tj are units, and so by replacing Ui with UiT^~ we 
may arrange to have ^*{X) = UiTi; then (3.4.3) is satisfied. 

Next assume i £ S. Since O is a UFD and the elements Tj (j E S) are pairwise distinct 
prime elements, it follows that m = 1 and again (3.4.3) holds. D 

Let ^1,5 = TT^^{Ao,s)- Since vr is proper, this defines a stratification of Ai (8> Fp with 
similar properties as the analogous stratification of Aq ®¥p- 

Corollary 3.4.3. The scheme Ai is regular and its special fiber is a divisor with normal 
crossings, with all branches of m,ultiplicity p — 1 . More precisely, let x £ Ao^si^p)- Then the 
covering vr : Ai — > Aq in an etale local neighborhood of x is isomorphic to the morphism 

SpecT4^(Fp)[r^ . . . ,r^]/((n^,^^Tjri-Tz;p) ^ Speciy(Fp)[ri, . . . ,rrf]/(n^.^^7;-u;p) 

defined via 

Ti I — >T-^~ , i = l,...,d . 

Proof. This follows from Lemma |3.4.2[ since over SpecO, the covering ^i is defined by 
extracting the (p — l)-st root of ^*{X) for i = 1, . . . , d. 

Implicit in our assertion is the claim that the units Ui play no essential role. We will 
prove a more precise version of the corollary, which also justifies this. 

The first step is to pass to a smaller etale neighborhood of x: for each i choose a Vi G 
W{¥p)[Ti, . . . ,Td][T^ ,j ^ S] such that its image in O is u^ . Replace SpecO with a 
smaller etale affine neighorhood of x, by replacing the former ring O with the ring 

a := W{¥p) m, Tr\ y±i]/ ( H.es '^^ " ^^ ' ^""^ " ^' 

Here the index i for Tj, Vj and Vi ranges over 1, . . . , d and the index j for T^ ranges over 
the complement of S. 
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The pull-back to Spec O of vr : ^i — ;■ ^o is given by adjoining to O the indeterminates 
ti, i = 1, . . . , d, which are subject to the relations t^~ = v^ Ti. Set T[ = Vjtj. Note that 
T^~ = Ti. It follows that the pull-back of vr to SpecO is the morphisni taking 



to 

via Ti ^ T'f~^. U 

To formulate the next result, we introduce the following tori over Fp: 

Here we consider Ts as a subtorus of T and T as T/Ts- 

Corollary 3.4.4. The morphism it : Ai — > Aq is a connecteqj Galois covering in the 
generic fiber, with group of deck transformations T{¥p). The restriction tts ofir to (.4i^5)i.ed 
is an etale Galois covering over Ao,Sj with group of deck transformations T^(¥p). 

Proof. The statement about vr^ follows from the description of the morphism vr in the 
previous corollary. Using that every Gi is etale in characteristic zero, a similar result 
describes vr in the generic fiber and implies the remaining assertions. D 

Later on in section |4j we shall prove that vr^ is in a fact a connected etale Galois covering 
as well. 

3.5. The KR-stratification of Ao0¥p. We now compare the stratification oi Ao^Yp by 
critical index sets with the KK-stratification. Recall ( [GNj . |H05| ) that this stratification 
is defined in terms of the local model diagram, and that its strata are parametrized by the 
admissible subset Adm(/x) of the extended affine Weyl group W of Gq^ (see §6 below). Here, 
/x = (fiQ, 1) G X^{GLd) X X*(Gm) and /xq = (1,0, ... ,0) is the fixed minuscule coweight of 
Drinfeld type. In fact, we may obviously identify Adm(^) with the admissible set Adm(/io) 
for GL^. 

We denote by r the unique element of length zero in Adm(;Uo). Also, let a be the 
fundamental alcove. 

Proposition 3.5.1. (i) Let w G Adm(/Uo). Let 

S{w) = {i £ {1, . . . ,d} \ vua. and ra share a vertex of type i} 



cf. subsection 6.1 and Lemma 6.2.2. (Here "type d" corresponds to "type 0".) Then 
S{w) 7^ and the association w i — > S{w) induces a bijection between Adm(;Uo) and the set 
of non-empty subsets ofTLjd. 



Here and throughout this article, we call a finite etale map / : y — > X an etale Galois covering if for 
every closed point a; G X, we have #Aut(y/X) — #/~^(x). We call such a morphisni connected if the 
inverse image of any connected component of X is connected. 
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(ii) For the Bruhat order on Adm(/xo), 

w <w' ' 
In particular, w = t if and only if S{w) 



> S{w) D S{w') . 
Z/d. 



Proof. The non-emptiness of S{w) follows from Lemma 6.2.2 The bijectivity of w >-^ ^{11!) 
follows by combining Lemma 6.2.3 with Proposition 6.3. 1[ (a). This proves (i). 



Part (ii) is Proposition 6.3.1 (d). 



D 



Suppose now that x G Ao{¥p) belongs to the KR-stratum Aq^w indexed by w G Adm(;Uo). 



The chain of isogenics of one-dimensional p-divisible groups (3.3.5) defines a chain of ho 



momorphisms of the corresponding (covariant) Dieudonne modules, 

(3.5.1) Mo — > Ml — > > Md-i . 

This may be viewed as a chain of inclusions of lattices in the common rational Dieudonne 
module. Let inv(M,, VM,) £ W denote the relative position of the lattice chains Af, and 
VM, defined by (3.5.1). By definition, x £ Aq^w if and only if 

(3.5.2) mv{M,,VM,) = w 

(cf. |H05j ■ §8.1). Now, i is a critical index for the point x if and only if Lie(^j_i) — t- hie{Ai) 
vanishes. Recall that Mi/VMi = Lie(Aj). Thus i is a critical index if and only if the lattice 
Mi-i coincides with VMi. In view of (3.5.2), this holds if and only if ra and wa share 
a vertex of type i. Thus S{x) 
following result. 



S{w). Hence (i) of the previous proposition proves the 



Corollary 3.5.2. The KR- stratification {^o,ui}weAdm(^o) ™'^2/ ^6 identified with the critical 
index stratification {A.S'lscz/d; via Aq^ui = A,5{u>)- 



Remark 3.5.3. The KR-stratification has the property that Aq^w C A^^w' if and only if 



w < w' in the Bruhat order. Hence, the item (ii) in Proposition 3.5.1 follows from the above 



corollary and the closure relation (3.4.2) for the critical index stratification. But the proof 



of (ii) in §6^ is purely combinatorial. 



In the next section we will need the following refinement of the closure relation (3.4.2). 



Proposition 3.5.4. Let S C S' be non-empty subsets of Z/d. Every connected component 
of Ao,s meets Aq^s' ^'^ ^^-s closure. 

Proof. Since the closures of the strata ^0,5 are smooth, to prove the claim for S' = Z/d, we 
may proceed by induction and show that, if 5" 7^ Z/d, then no connected component of .40,5 
is closed, cf. [GY], proof of Thm. 6.4. The case of general S' follows then from Theorem 



3.4.1 since the closure of a connected component of ^0,5 is a connected component of the 
closure of Aq^s- 



Consider the morphism p : ^0 '^ ^p 



Ac 



)¥p into the absolute moduli scheme. In terms 



of the non-symmetric formulation of the moduli problem in Remark 3.3.3 p is forgetting 
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the filtration H,, and keeping (A, i, A, f/^). Now A<^¥p has a stratification by the p-rank 
of the p-divisible group A{p°°) of the universal abelian scheme A, cf. [Itoj : a stratification 
by smooth locally closed subschemes A^"^' of pure dimension i, for i = 0,... ,d — 1 such 
that the closure A'-'^' of A^'^' is the union of the strata A^^\ for j = 0, . . . ,i. Furthermore, 
p{'^o,s) = A^''>, where i = d — \S\, and p''^{A^^') = |J|5|^^_j^o,s- Since the morphism p 
is finite and flat, the image of a connected component of Ao^s is a connected component 
of A^"^' for z = d — |5|, and it is closed if and only if its image under p is closed. We are 
therefore reduced to proving, for i > 1, that no connected component of ^^*) is closed. 

Now, by Ito [Itoj . there exists an ample line bundle C on A (^ ¥p such that ^^*~^' is 
defined in A^^' by the vanishing of a natural global section of £®(P '~^' over A'-^', for any i 
with 1 < i < d — 1 (higher Hasse invariant). It follows that ii A^Yp is projective, then for 
any i > 1, the closure of any connected component of A^^' meets A^^~^' in a divisor, which 
proves the claim in this case. 

When A<Si¥p is not projective, we are going to use the minimal compactification {A(d¥p)* 
of ^ eg) ¥p, in the sense of Lan |Lanj . By JLanj, Thm. 7.2.4.1, this adds a finite number 
of points to A (^Yp (since this is the case for the minimal compactification of ^ (8> C). 
Furthermore, the line bundle C is the restriction of an ample line bundle on (A <^ Yp)* and 
the section of £®(p *~^) on A'-'^' above extends over the closure of A^^' in {A® '^p)*- Hence 
the previous argument goes through for any connected component of A^-^', as long as i > 2. 
Furthermore, since the case d = 2 is classical, we may assume d > 2. Then the case i = 1 
will follow if we can show that A^^' is closed in [A Fp)*. In fact, we will show that A'-'^' 
is complete for any i < d — 2. For this, consider an object {A, i, A, r/^) of ^ (g) Fp over the 
fraction field of a complete discrete valuation ring with algebraically closed residue field, 
such that A has semi-stable reduction. We need to show that if {A,i, X,?]^) lies in A^ ', 
then A has good reduction. Assume not. Now the special fiber of its Neron model inherits 
an action of Ob, and its neutral component is an extension of an abelian variety Aq by a 
torus To, both equipped with an action of Ob- In fact, the Kottwitz signature condition 
of type {l,d — 1) for A implies that ^o satisfies the Kottwitz signature condition of type 
(0,d — 2). It follows that dimTo = 2d, and that ^o is isogenous to the d{d — 2)-power of 
an elliptic curve with CM by F. Now the p-torsion of the p-divisible group To{p°°) has 
etale rank d, and the p-torsion of the p-divisible group Ao{p°°) has etale rank d{d — 2). By 
the infinitesimal lifting property, this etale group scheme lifts to a subgroup of j4(p°°) of 
p-rank d{d — 1). But this implies that the p-rank of A{p°°) is too large for (A, i, A, ry^) to be 
contained in ^' ' , and the assertion is proved. 

D 



4. The monodromy theorem 

In this section we modify our notation: we will denote by Ao,Ai, etc. the result of the 
base change x gpec Zp Spec Fp of the schemes in previous sections. 
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4.1. Statement of the result. Our aim here is to prove the following theorem. 

Theorem 4.1.1. Let S C Z/d ,5/0. 

(i) The lisse Wp-sheaf Y\Gi on Aq^s defines for any point x £ .4o,s(Fp) a honioniorphisni 

This honiomorphism is surjective. 

(ii) Consider the map of sets of connected components, 

TToMi.s) — > vro(A,5), 
defined by the etale Galois covering its : (^i,5)red — > Aq^s induced by vr, cf. Corollary 



3.4-4 This map is bijective. Equivalently, the inverse image under it of any connected 



component of Aq^s is connected. 

Note that, since T^{¥p) is the group of deck transformations for the covering (.4i^5)rcd — > 
Ao^Si these two statements are trivially equivalent. We will prove the theorem in the form 

(i)' 

We will in fact prove something stronger. Let y £ Ao^z/di^p) be a point in the closure of 
the connected component of Aq^s containing x, cf. Proposition 3.5.4 Let Xq be the formal 
group defined by y, and let R ~ VF(Fp)[[f/i, . . . , Ud-i]] be its universal deformation ring. 
We obtain a chain of finite ring morphisms 

RCR° CR^ CR. 

Here R^, resp. R^, resp. R represent the following functors over Spf i?: 

i?° = flagi7, ofXoip] 

R = flag H, and generators of Gi = Hi/Hi^i, i = 1, . . . ,d 

R = Drinfeld level structure ip : F — > Xq[p] . 

Note that Gi is a subgroup scheme of the formal group Xi = Xo/Hi^i of dimension 1. 
Hence the notion of Drinfeld or Katz/Mazur of a generator of Gi makes sense; by Remark 
13.3.21 it coincides with the Oort-Tate notion. 

Note that the injection R^ C R is induced by the functor morphism which associates to 
a Drinfeld level structure ip the chain H, = H,{ip), where Hi is defined by the equality of 
divisors 

a;£span(ei,...,ei) 

Similarly, R^ C R is induced by the functor 

(Xo, (f) I — > (Xq, H,{ip), generator ip{ei) of Gi = Hi/Hi^i,i = 1, . . . , d) . 
Here ei, . . . , e^ G F^ are the standard generators. 
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Let p^ C R^ be the ideal defined by Aq^s- Let k^ = Frac(i?°/p^). Then, denoting 
by rjx the generic point of the connected component of Aq^s containing x, we obtain a 
commutative diagram 

(4.L1) Gal(4) Gal(r/^) ^ vri(A,5,x) 




We will prove that the oblique arrow is surjective, which implies assertion (i). 

4.2. A result of Strauch. We are going to use the following result of Strauch |Str] . We 
consider, for a fixed integer h with 1 < h < d, the following two subgroups of GLrf(Fp): 

Ph = Stab(span(ei, ... ,eh)) 

Qh = subgroup of Ph of elements acting trivially on Fp/span(ei, . . . , eh) . 

Recall ( |Drj ) that Risa regular local ring, with system of regular parameters f{ei), . . . , ^p{eii) 
(which we regard as elements of the maximal ideal of R after choosing a formal parameter 
of the formal group Xq). Let 



(4.2.1) 



ph = prime ideal generated by ^{ei), . . . , (p{eh) , 
Rh = R/ph , Kh = Frac{Rh) . 
Similarly, let 

(4.2.2) ph = Phr\R , Rh = R/ph , Hh = Frac{Rh) . 



We also set 



K = Frac(i?) , K. = Frac(i?) 



Proposition 4.2.1. (Strauch): (i) The extension k/k is Galois. The action o/GL^(Fp) on 
the set of Drinfeld bases induces an isomorphism, 

GLd(Fp) ~ Gal(K/K) . 

(ii) The extension Kh/i'^h is normal. The decomposition group of ph is equal to Ph and the 
inertia group is equal to Qh. The canonical homomorphism 

Ph/Qh — > Aut(fih/Kh) 
is an isomorphism. In particular, 

kni{Kh/i^h) ~ GFd-h{^p) ■ 

D 
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We introduce the following subgroups of Ph, 

PBh = {g ^ Ph\ 9 preserves the standard flag T, on Fp/span(ei, . , 
PUh = {g £ PBfi I g induces the identity on gr, T} . 

We thus obtain a chain of subgroups of GLd{¥p), 



■,eh)} 



Qh 



c 



PUh 



C 



PBu 
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* 
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'ij 






V 


* * 
' * / 
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Let 
(4.2.3) 






Phr^R\ RI = RVpI 4 = Frac« 



Corollary 4.2.2. (i) p^ coincides with the prime ideal p^g introduced earlier, for S = Sq = 
{l,...,h}. 

(ii) Under the isomorphism in Proposition \4 .2.1 , (ii), there are the following identifications, 

kui{Kh/tA) = PUh/Qh 

Aut(Kfc/4) = PBh/Qh 

Ant{4j4.) = PBh/PUh . 

Proof. Obviously phf^R^ <Z p^g . Since both prime ideals have height /i, this inclusion is an 
equality, which proves (i) . The assertion (ii) follows from the description of the isomorphism 
in Proposition 4.2.1, (ii). D 



4.3. End of the proof. Now we can prove the surjectivity of the oblique arrow in (4.1.1) 
for S = Sq = {l,...,/i}. Indeed, since n\/ n^ is of degree prime to p, this extension is 
separable so that KvLi{ti\/ k^) = Ga\.{K\/ k^. Furthermore, we have a natural identification 



PBh/PUh ^ r^(F. 



P) ' 



and the induced homomorphism 



Gal(4) - Gal(4/4) -^ r^(Fp) 



is the oblique arrow in (4.1.1 ). The claim follows in the case S = Sq = {1,. . . ,h}. 

Let now S be arbitrary with \S\ = h. Let g G GLd(Fp) be a permutation matrix with 
gSo = {1, . . . ,h}. Then ^ph lies over p^, and the decomposition group resp. inertia group 



X, - 


'-^ X ^ Xi 


; 


i i 


fj - 


-^ Z ^ s 
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of ^ph is the conjugate by g of Ph resp. Qh- Now the surjectivity of the homomorphism 
Gal(4) — > T^i^p) foUows from the surjectivity of Gal(«:^J — > T^°{^p)- □ 

5. Nearby cycles 

5.1. Recollections on R'^ . Let {Z,ri,s) be a henselian triple, with s of characteristic p. 
Let {Z, f], s) be the strict henselian triple deduced from a geometric point 77 over 77. Let 
X — > Z he a morphism of finite type. We obtain a diagram with cartesian squares, where 
X = X xz Z, 



(5.L1) 



Let J^ be a Q^-sheaf on X^, where i ^ p. Then R^{J^) = V*Rj^:{J^f^), the complex of nearby 
cycles of T, is an object of the triangulated category of Q^-sheaves on Xg with continuous 
action of Ga\{fi/r]) compatible with its action on Xg, 

(5.L2) R^{J')eD'^{XsXsV,Qi), 

cf. [SGAj . XIII, 2.1. The construction extends to the case where J-" is replaced by any 
bounded complex of Q^-sheaves on X^. If / : X — > X' is a morphism of Z-schemes of 
finite type, there are natural functor morphisms 

(5.1.3) /*i?^' -^ R-^f*, 
and 

(5.1.4) R^'Rfr,* -^ Rf^R'^. 

The first is an isomorphism when / is smooth, and the second is an isomorphism when / 
is proper. 

When T = Qe, we also write R"^ for R^^iQi), and R'"^ for W{R^). We recall the 
explicit expression for R^ in the case when X has semi-stable reduction over Z, with all 
multiplicities of the divisors in the special fiber prime to p, cf. |SGAj . I, 3.2, [I], 3.5. 

Let X G Xs, and let x be a geometric point over x. Let C = {Ci}i be the set of branches 
of Xg through x. Consider the following homological complex concentrated in degrees 1 
and 0, 

K^: iP — ^ Z 

(5.1.5) 

{ni)i ^y nidi 

Here di denotes the multiplicity of the branch C, through x. Under the hypothesis that all 
di are prime to p, R^ is tame, i.e., the action of Gal{fi/ri) on R'^ factors through the tame 
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Galois group Gal(r/i/r/). Furthermore, 

i 

(5 ^ g) R'^^-x = l\ [HiiK,) Q,(-l)) ^ ^°^x , 

Here there is a transitive action of the inertia subgroup / = Gal{r]t/'i]un) on Ho(Kx), making 
the last identification equivariant. The set Hq{Kx) arises as the set of connected components 
of (yX(^\) , where Xi^\ denotes the strict localization of X in x. 

5.2. The case ^o- We now apply these considerations to the scheme ^o over Z = SpecZp. 
We denote the complex R^{Qt) G D'^{{Ao O ¥p) XspecFp SpecQp,^^) by R^q. Since the 
multiplicities of all divisors in the special fiber of ^o ^-re equal to one, we have -R^^o = Qi- 



Furthermore, the special fiber of ^o is globally a union of smooth divisors. From (5.1.6) 
we deduce therefore the following formula for the pull-back of R'^o by the locally closed 
embedding is : Ao,s ^^ Ao(i^¥p, 

i 

(5.2.1) iHii^^o) = A(M^^^z)^QK-i))- 

In particular, i^(i?*^o) is a constant local system on ^0,5 with trivial inertia action, for all 
i. 

5.3. The case ^i. We next consider the scheme ^i over Z = SpecZp. In this case, we 



use the notation i?\I'i for R^^Qi). Using the formulas (5.1.6) and keeping in mind that all 
multiplicities are the same {= p — 1), we obtain from Corollary 3.4.3 (compatibility of the 
stratifications of ^o ® ^p and ^i <^ ¥p) 

(5.3.1) ii^i = i^°^l®^*(i^^o)• 

Here R^'^i is a lisse sheaf of rank p — 1, and the action of inertia Ip on cohomology sheaves 
is controlled by i?'^^i: by the formulas (5.1.6), Ip acts trivially on each -R*^o and via the 



regular representation of its natural quotient /ip-i on the stalks of -R'^\I'i. 

For our purposes it is most convenient to consider the direct image 7r*(i?*I'i) on ^o- More 



precisely, applying the functoriality (5.1.4) to the finite morphism vr, we may write 



7r,{mi) = m{TT^Me))- 



Now vr^ is a connected etale Galois covering with Galois group T(¥p), cf. Corollary 3.4.4 
Hence we obtain a direct sum decomposition into eigenspaces for the T(Fp)-action, 

(5.3.2) 7r^*(Q^)= Qe,x- 

X:T{¥p)^Qf 

Here each summand is a local system of rank one on Aqj^. Hence, setting R^^ ~ -^^(Q^,x)' 
we obtain a direct sum decomposition, 

(5.3.3) 7r,(i?^i) = R^^. 

X-T{¥p)^Qf 
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On the other hand, applying the projection formula to (5.3.1), we get 

(5.3.4) 7r,(i?*i) = TT^{R°^i) i2*o- 

Our aim is to understand i*g{R'^^), the restriction of R'^x *° ^^^ stratum Aq^Si for any x 
and any S, and especially the inertia and T(Fp)-actions it carries. This will be achieved by 
restricting both (5.3.3) and (5.3.4) to Aq^s^ and then comparing the right hand sides. It is 
easiest to compare only the inertia invariants of cohomology sheaves (and this is enough for 
our purposes). This is facilitated by the following lemma. 

Lemma 5.3.1. The sheaf (R^'^i) p of inertia invariants is canonically isomorphic to the 
constant sheaf Qi on the special fiber of Ai . 



Proof. The morphism (5.1.3) gives a canonical /p-equivariant morphism 

vr*(i?°^o) 



R^^i 



whose image lies in the inertia invariants since the left hand side is Q^. It gives an iso- 
morphism onto {Rf^'^i) p because Ip acts transitively on a basis for any stalk of i?^^i, cf. 
(STel). D 



Now Ip acts on the cohomology sheaves of (5.3.1 ) and (5.3.4) through a finite quotient. It 
is easily shown that applying i?*7r* (to a complex with finite action of Ip on its cohomology 
sheaves) commutes with the formation of /p-invariants. This, along with (5.3.4), Lemma 



5.3.1 



and the triviality of the action of Ip on R^^q, yields the isomorphism 



[R'Ti^^R^l))^'' ='K,{ 



R'^o, 



for each i. Moreover, i*^ commutes with taking /p-invariants in this situation, so applying 
i*g to the above equation yields an isomorphism 



(5.3.5) 



[V}{i*s{^,{R^i)))y' = 7:s.m ® ^K^'^o). 



This identification is canonical, and therefore is an equality of sheaves on Aq ® Fp with 
continuous Ga' 



'Qp)-action, and is equivariant for the action of r(Fp) which comes via 
its action by deck transformations in the generic fiber. On the right hand side, this action 
factorizes over the quotient T (Fp). We now compare the eigenspace decompositions of 
both sides of ( 5.3.5[ ) under the action of T(Fp). 

Theorem 5.3.1. (i) For each character x ■ T{¥p) — > Q^ and each S, the inertia group Ip 

acts on each cohomology sheaf T-C {i*g{R'^ x)) through a finite quotient. 

(ii) // the character x '■ T{¥p) — > Q^ does not factor through T^{¥p), then 



for each i. 

Assume now that x '■ T{¥p) 



is induced by a character x '■ T^{¥p 
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(iii) Then 

where C 

Furthermore, the local system on Ao.s'S'^p corresponding to 

component by the composition 



is the lisse sheaf on Aq^s obtained from T^s^i^t) by push-out via T (Fp) — > Qf . 

-, is defined on each connected 



Ih 



vri(A,s€DFp,x)^T^(Fp)- 

where the first map is surjective. 

(iv) We have an equality of semi-simple traces of Frobenius, for all x E As(^p^), 

TV-($p^(^Ki^M/^)).) =Tr-($p^(Q,^).) •Tr-($p^(^Ki^*o)).) ■ 
Proof. The assertion (i) is clear from the discussion above, in view of (5.3.3|). The assertion 



(ii) is proved by substituting (5.3.3) into (5.3.5) and using the equivariance of the identi- 
fication (5.3.5), since this action factors on vr5=K(Q^) through T'^(Fp). For the same reason 



the first assertion in (iii) holds. The second assertion in (iii) is also clear, and implies by 



the monodromy Theorem 4.1.1 the surjectivity of the first arrow. The assertion (iv) follows 
using (i), (iii), and the definition of semi-simple trace of Frobenius. 

D 

Remark 5.3.2. The complexes i*g{R^^ possess unipotent/non-unipotent decompositions 
in the sense of |GHj . §5: 

If J" G DI^{Xs Xs 'n,Qe) and Ip acts through a finite quotient on WT, then {WTyp = 
('W*J-')"'^'P. Using this and the permanence properties of unipotent/non-unipotent decom- 
positions (cf. loc.cit.), one can show as in the proof of Theorem 5.3.1 that i^(i?\l'^)'^°'P = 0, 



unless X factorizes through a character x on T (Fp), in which case 



(5.3.6) 



iUR'^x)) 



unip 



i?^n. 



But it is easy to see that for any non-unipotent complex J^, the semi-simple trace of Frobe- 
nius function Tr**("l'p, J^) is identically zero. Thus, as far as semi-simple trace of Frobenius 



functions is concerned, we may omit the "unip" superscript on the left hand side of (5.3.6). 



This gives another perspective on part (iv) of Theorem 5.3.1 



5.4. Full determination of R^'^i. To obtain statement (iv) of Theorem 5.3.1 above, we 



only used that the action of Ip on R^'^i factors through a finite quotient, and that (R^'^i) p 
is the constant sheaf Q^ on ^i (gi^ ^p- In this subsection we will show how one can in fact 
determine explicitly i?^^i with its Jp-action (and this implies the facts just mentioned). 
The result will not be used in the rest of the paper. 
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Lemma 5.4.1. There exists a morphism of finite flat normal Z-schemes 

P:Zi^.Z^ 

with the following properties. 

(i) Zi y^z f] o-nd Zq xz i] are finite disjoint sums of ahelian field extensions ofQp. In the 
case of Zq, these extensions are unramified extensions ofQp, and in the case of Z\ they are 
totally ramified over Zq. 

(ii) The structure morphisms of Aq resp. Ai factor through Zq, resp. Z\ and induce 
bijections 

7ro(A xzv) ^^ 7ro(Zo Xzv) and ttq^Ai Xzt]) ^^ vro(Zi Xz rf) . 

(iii) Each fiber of the map 

itq{Zi xzrf) — > ttq^Zq Xzv) 

has p — 1 elements. 

Proof. The generic fibers of Zq, resp. Zi are given by the Galois sets ^o(??)) resp. Zi{fi). 
We define them by the identities in (ii). Then Zq, resp. Zi are defined as the normahzations 
of Z in Zq-tj, resp. Zi^^ and the factorizations in Part (ii) follow from the normality of ^O; 
resp. .Ai. 

It then remains to determine the geometric connected components of ^o resp. ^i and to 
show that the action of Gal(Q„/Qp) on them factors through a suitable abelian quotient. 
It suffices to do this over C. More precisely, there is a natural way to formulate moduli 
problems ^q, resp. Al[ over Spec Of ® ^(p) which after base change Op ® ^(p) — > Of.p 
give back Aq, resp. ^i. Then the chosen complex embedding e : F — > C defines C- 
schemes .Aq ®Of C and A,J ®Of '^ which are disjoint sums ^ of Shimura varieties of the form 
Sko = Sh{G, h-^;KQ), resp. Sr, = Sh{G, h-^-Ki), where Kq = I ■ RP and Ki = 1+ ■ RP, 
for an Iwahori subgroup / of G{Qp) and its pro-unipotent radical I^ and some open compact 
subgroup RP C G(A^). Now for 7ro(S'if^ (dp C) there is the expression (cf., e.g., |Kurj . §4) 

(5.4.1) tto{Sk, C) = T{Qf\T{Af)/u^{Ri) , 

where ly^ : G — > T is the natural homomorphism to the maximal torus quotient and where 
Tifff := T(Q) n T{Mf. Furthermore, the action of the Galois group Gal(Q/^) of the 
Shimura field E on 7ro(5'/c- (E> C) factors through its maximal abelian quotient and is given 
by the reciprocity map p : {E (^ ^f)^ — ^ T'{Af) of Sxi- Now T is given as follows ( |Kurj . 
4.4), 

T^ X Gm if d is even, 

Resp/Q{Grn) if d is odd, 



The argument from section 8 shows that in our particular case, there is only one copy. 



Hit 


-1 -N 

,aa) 


ifd = 


2k > 2 
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if (i = 
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odd. 
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where T^ = ker(A^ : Kesp/Q{Gm) — > Gm)- And v^ is given by 

( " r'J , via)) a d = 2k is even, 
[^ if d = 2A; + 1 is odd. 

Here det{g) denotes the reduced norm of ^f, and ^{g) the simihtude factor of g. Furthermore, 
noting that E = F for d > 2 and E = Q for d = 2, the reciprocity map is given as foUows. 



p{a) 



It follows that ito{Sko ^ C), resp. ito{Ski '^ C), corresponds to the disjoint sum of copies 
of the spectrum of an abelian extension Lq, resp. Li, of E with norm group p~^ {u^ (Kq)) , 
resp. p~^ {u^ (Ki)) , in (£^(8) Aj)^. It is now an elementary calculation to check for d> 2 
that Lq/F is unramified at the places v over p, and for d = 2 that Lq/Q is unramified at 
the places v over p, and that Li/Lq is totally ramified of degree p— 1 at all these places, cf. 
|Kuj . For instance, for d = 2, the norm group of Lq/Q is of the form Z^ • U^ for U^ C (A^) ^ , 
and the norm group of Li/Q is (1 + pZp) ■ U^. The lemma is proved. D 

Let C = R^{(3ri,Q£). Then £ is a complex concentrated in degree zero, and is a sheaf 
with a continuous action of Gal(Qp/Qp) of rank p — 1 on the special fiber of Zq. Since the 
covering Zi/Zq is totally ramified, the fiber of C at each geometric point localized at a point 
So ^ Zq X z s is isomorphic as a Ip-module to lndf^^}^°'^°(.{Qi). 

The following proposition gives the explicit determination of R^'i'i. 

Proposition 5.4.2. There is a natural isomorphism of sheaves with continuous Ga. 
action 

where 

^Ai =P*oi^) 
is the inverse image of C under the composed morphism 

po : ^1 > Zi — > Zq. 



Proof. The functoriality (5.1.3[) induces a homomorphism 



(5.4.2) Ca, = pl{m{fir,M)) -^ m{pl^^^Mi)) ■ 

On the other hand, by adjunction, there is a natural homomorphism 

po,,Pv*m = piMf^vMi)) -^ QiM,, ■ 

Applying R^ and composing with (|5.4.2) defines in degree zero the natural morphism 



(5.4.3) Ca, -^ ^ * 



1 • 
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To prove that this is an isomorphism, it suffices to do this point- wise. Let x £ ^i(Fp) with 
image y £ Ao(¥p). We consider the commutative diagram 



(5.4.4) 



M-^Mx) xz v) ^ vro(^i xz v) = 7ro(^i x^ ry) 



7ro(A(j/) Xz ??) ^ vro(A xz v) = 7ro(^o x,, rj) 



From the local equations for ^o resp. ^i in section 3.4 we know that 7ro(^o(j/) ^z rj) 
consists of one element and tto{Aiix) x-zv) consists of p — 1 elements. On the other hand, 
the covering AiXz Z of AqXz Z is totally ramified along its special fiber. Hence, the upper 



horizontal map in (5.4.4) induces a surjection onto the fiber of the right vertical map over 



the element of 7ro(^o x^ rj) given by the image of the lower horizontal map. By part (iii) 
of Lemma 5.4. 1[ this fiber has p — 1 elements. This shows that each connected component 
of Aifx) XzV liss in a different connected component of ^i x^ tJ, all of which map to the 



same connected component of ^o x^ ry. Hence the stalk in x of the homomorphism (5.4.3) 
is an isomorphism, and this proves the assertion. 



D 



Proposition 5.4.2 along with the projection formula, implies, as in the proof of (5.3.4) 



and (5.3.5), an isomorphism of complexes with /p-action on each stratum Aq^s^ 
(5.4.5) iU-^^mi) = (£^0,5 ® ^sMe)) ® i^^^o), 

where C^a^ ^ denotes the pull-back of C to ^o,5 under the structure morphism ^0,5 — ^ Zq. 
This then yields the expression 



(5.4.6) 



iUR^ 



{^Ao,s 



if the character x is induced by x '■ T''^{¥p) 
not of this form) . 



3^ (and the left hand side is zero if x is 



6. Combinatorics related to the test function 



6.1. Critical indices. Recall /xq = (1,0, ...,0) G X*(GLrf) from section 3.5 For w G 
Adm(^o)! define the subset S{w) C {1, . . . , d} of critical indices by 

S{w) = {j \ w < tej. 

Recall that the Bruhat order < here and below is defined using the base alcove a, which 
is contained in the antidominant Weyl chamber. The following subsections will help us 
understand this subset combinatorially. In particular we will show that this definition 
coincides with the one appearing in Proposition |3.5.1[ 
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6.2. Lemmas on admissible subsets. Let /x be a minuscule dominant coweiglit for an 
arbitrary based root system. Let wq denote the longest element in the finite Weyl group 
W. Define the Bruhat order < using the base alcove a in the antidominant Weyl chamber. 
Given an element w G Adm(/i), when is it true that w < i^Q(^)? The answer will depend 
on the decomposition w = tx(w)W € X* xi W. 

Lemma 6.2.1. Let w = txf^^^w G Adm(/i). Then w < t^g(^) if and only if X{w) = wo(/u). 

Proof. We give a proof using results about the functions 0^, taken from [HPj . Recall that 
0^ is the "antidominant" variant of the "usual" Bernstein function G^. However, |HP] uses 
the Bruhat order defined using the base alcove in the dominant Weyl chamber. When we 
recast the results of loc. cit. using our Bruhat order, we actually recover the results used 
below about the functions 0a, rather than the functions 0^ studied in loc. cit.. 
Recall that the Bernstein function z^ may be expressed as 

AeVKM 
In [HP], Cor. 3.5, it is proved that for A G Wfi, 

(6.2.1) supp(0a) = {w eW \ X{w) = X and w < tx}. 

Therefore supp(0A) n supp(0A') = if A 7^ A'. 



Further, by |Hlb| . Prop. 4.6 (or the Appendix, Proposition 14.3.1) we have supp(z^) 
Adm(^). Thus we have 

(6.2.2) Adm(/i) = ]J {u; G W? | X{w) = X and w < tx}. 



If w < iw,o(^); then w lies in the support of T_^ , . = Qwoifi) ^^'^ (6.2.1) implies that 
X{w) = wo{fM). The reverse implication in the lemma follows easily from (6.2.2). D 

Next we assume G = GL^, and fix /xq := (1,0 ). For each i with < i < d let 
LOi = (1*, ) denote the i-th fundamental coweight. For j with 1 < j < d let ej = loj—loj^i, 
the j-th standard basis vector. Write a)j = —Ui for all i. 



Lemma 6.2.1 says that w G Adm(/io) satisfies w < te^ iff X{w) = e^. Fix an integer j 



e,- 



? 



with 1 < j < d. When is it true that w <t. 

Let a denote the base alcove whose vertices are represented by the vectors ujq,. . . ,a)d_i. 
Let n dW denote the subgroup of elements stabilizing a as a set. Define the element 

r ■.= tea{dd-l •••1) G 0, 

which satisfies t^g G Wq^^t. We have W = M4,ff x ^, and conjugation by r permutes the 
simple affine reflections in VFaflf- Viewed as an automorphism of the base apartment, r 
cyclically permutes the vertices of the base alcove. In fact, we have 

T(a)j) = Wi_i, 

for 1 <i < d. Also, we shall need the identity t He^r"^ ^^' = t^. , for any j with 1 < j < d. 
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Lemma 6.2.2. Suppose w £ Adni(/io). Write w = t\w. Then the following are equivalent: 

(i) w < te^; 

(ii) CJj — w{u)j) = A — ej; 
(iii) A + wiujj) = i^j-i; 

(iv) t\w{ujj) = t{u}j), i.e., the alcoves wa and ra share the same type j vertex (inter- 
preting tdd as type 0). 



Proof. Using Lemma 6.2. 1[ we see that 



^ X{T-^'i-i)txWT'^-^) = ed 

<^ A + w{u)j) = Wj_i, 

showing that (i) <^ (iii). The equivalence of (ii-iv) is immediate. D 

We need to describe exphcitly the elements of Adm(/io)- An element w = t\w G W gives 
rise to a sequence of d vectors Vi = w{oJi) G Z'^ for i = 0, 1, . . . , d — 1. For a vector v £ Z*^, 
let v{j) denote its j'-th entry. We say that w = t\w is minuscule (meaning (l'',0'^~'")- 
permissible for some r with 1 < r < d, see [KR| ) if and only if A(j) G {0, 1} for each j, and 
the following conditions hold: 

(6.2.3) uji[j) < Viij) < Coiij) + 1 

for each i = 0,l,...,d — 1 and j = 1,2, . . . ,d. It is easy to see that these conditions are 
equivalent to the following conditions: X{j) G {0, 1} for all j and 

X{j) = ^ w-\j) > j 

X{j) = 1 ^ w-\j) < j , 

cf. f Hlaj . Lemma 6.7. As a consequence, using the equality Perm(/i) = Adm(;u), which 
holds in this setting ( |KRj . [HN] ) . we easily derive the following description of Adm(/io). 

Lemma 6.2.3. Let w = te^w, for some w G Sd. Then w belongs to Adm(//o) if and only 
if id is a cycle of the form 

€) = {mknik-i ■■■ mi) 
where m = ruk > ruk-i > ■ ■ ■ > mi. D 

6.3. Main combinatorial proposition. Let //q = (IjO'^"^). The upper triangular Borel 
subgroup B C GL^ determines the notion of dominant coweight, also called G- dominant. 

The semistandard Levi subgroups M in GL^ correspond bijectively with disjoint decom- 
positions 

OiU---UOt = {l,2,...,d}. 
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Fix such a decomposition and the corresponding Levi subgroup M. Then the Weyl group 
Wm is the product of the permutation groups on the subsets Cj. Each Oi can be identified 
with a V^M-orbit inside W ^q. Note that Bm := -B n M is a Borel subgroup of M, hence 
defines a notion of M-dominant coweight. Let //j denote the unique M-dominant element 
of Oi, and henceforth set O^- := Oj. 

Next we define the following subset of Adm (^o)) for each i = 1, . . . , t, 

Adm^(O^J = {we Adm^(//o) I S{w) C O^J. 

Also, define 

Adm^(^o,M)= ]J Adm^(O^J. 

i=l,...,t 

For a dominant minuscule coweight /i of any based root system, let /c^ := q^^'^' z^ denote 
the Kottwitz function. Here we think of q as an indeterminate, or as p'" if working with 
a group over Qpr . Also, we have fixed a notion of positive root (or a semi-standard Borel 
subgroup -B), and we define p to be the half-sum of the -B-positive roots. In the Drinfeld 
case, we have from |Hlb] the simple formula for each w G Adm(//o): 

(6.3.1) k,,,[w) = {I - qY^'-o)-^^'"\ 
Define for w E Adm(/xo), 

(6.3.2) codim(tt;) := ^(t^„) - ?.{w). 

Now let V G W fiQ denote any M-dominant element (i.e., one of the elements p.i above). We 
denote by ko^ the function on W which is equal to k^^^['w) at ti; G Adm {Ou) and which 
vanishes outside Adm (Oj,), i.e., 

(6-3.3) ^o. =^2,lAdmG(o,)• 

Proposition 6.3.1. (a) Consider an element w = te^w G Adm(^o); where w is a cycle 



of the form {mkruk-i ■ ■ ■ mi) with m = m^ > • • • > mi (Lemma 6.2.3). Then S{w) = 
{mi,...,mfc}. 

Fix a semi-standard Levi M as above, and let v G Wp^o be M-dominant. 

(b) We have w G Adm {Oy) if and only if mi G Oy for all i. Thus, Adm(C',y) C Wm '•= 
X^{T) XI Wm, since w G Wm- In fact, we have the equality 

Adm^ (Oy) = Adm^^(iy), 

where the right hand side is the u-admissihle subset for the Levi subgroup M and the M- 
dominant coweight v, which is defined using the Bruhat order on Wm determined by the 
alcove in the M-antidominant chamber whose closure contains the origin. 

(c) For w G Adm{fiQ), we have codim(i(;) = |5'(tt;)| — 1. 

(d) For w,y £ Adm{iJ,o), we have y < w <^=^ S{w) C S{y). 
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Figure 1. Let /x = (1,0,0). The three marked vertices represent the Weyl 
group orbit of fi. The set Adm ^{fJ-) labels the 7 gray alcoves, with r labeling 
the base alcove. Consider the decomposition {1} U {2,3} = {1,2,3}, so that 
M = Gm X GL2 . The values of the function ko^ for v = (0,1,0) are indicated 
on the dark gray alcoves comprising its support Adm ^{Oi,). 



(e) There is an equality 



ko,. 



,M 



where kjf denotes the Kottwitz function associated to M and the M -dominant coweight v. 



Proof. We start with part (a). If A; = 1, then w = te„ and clearly S{w) = {m}. So, from 



now on, we may assume k > 1, i.e., m^ > mi. For any j S {1, . . . , d}, Lemma 6.2.2 shows 
that 

j G S{w) <^=^ Qj - w{u>j) = Cm- ej. 

If j > ruk or j < mi (resp. j = m), then the condition on the right fails (resp. holds), and 
so j ^ S{w) (resp. j = m £ S{uj)). If mi < j < ruk, let n denote the unique index with 
iTT-n ^ j < m-n+i- A Calculation shows that 



Thus 



Ulj - w{ujj) = Cm- em„- 

j £ S{w) <S=^ j = mn. 
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Putting all this together, we get that S{'w) = {mi, . . . ,171^}, proving (a). Part (a) implies 
part (b), once we take into account Lemma 6.2.3 for G as well as its obvious analogue for 
M. 

For parts (c) and (d), conjugation by an appropriate power of r reduces us to the case 
where w < tf,^, i.e. \{w) = Cd (Lemma 6.2.1). For 1 < i < (i — 1, let Sj denote the simple 
reflection corresponding to the transposition (i i+1) G 5^. We have the equalities 



(6.3.4) 



tea = T {1 2 ■ ■ ■ d) = TS1S2 ■ ■ ■ Sd-l, 



where the expression on the right is reduced. Since w < tg^, there exists a strictly-increasing 

' Sd-i, where the 



list of indices ii, . . . ,ig £ {1, . . . ,d — 1} such that w = tsi • • • Sjj • • • Sj 

hat means we omit the corresponding term in the reduced expression for te^ ■ Then we have 



UI = T Sl • • • Sj^ • • • Sj^ • • • Sd-l 
= tea {d d-l---l) SI---S, 
= tea {dig ■■■ h). 



Sj, • • • Sd-l 



Thus, in view of (a), we have S{w) = {ii, ■ ■ ■ ,ig, d}. Parts (c) and (d) now follow easily. 
For part (e), assume w S Adm (O^^). Then, in addition to the equality 



''MO^ 



iiw) = \S{w)\ -1 



we just proved, we also have 



f/M 



Ml 



t"{t,)-t\w) = \S'''{w 



1. 



Here we use the alcove specified in (b) to define both the Bruhat order on Wm coming into 
the definition of the subset S^^ {w) C Wmi^, and the length function l'^ on Wm- Now since 
w G Adm'^(C'!.), it is clear that \S{w)\ = \S^{w)\ hence 

(6.3.5) iit^,) - iiw) = &\U) - i^'\w). 

Then comparing the formulas ( |6.3.1 ) for G and M proves the desired equality. D 

6.4. The tori T5 and "'T. For w G Adm(/io) write S := S{w) for the set of critical indices 
for w. If we write w = t(,^{mmk-i ■ ■ ■ "nii), as in Lemma 6.2.3, then Lemma 6.3.1 (a) says 
that S = {mi, 1712, ■ ■ ■ , iTT-k-i, rn}. We define the subtorus 

TsCT 

by requiring that (ti, • • • ,td) £ T belongs to Ts if and only if tj = 1 for all i ^ S. Thus 

X4Ts) = ^Zej. 

We also define the free abelian subgroup L^ C X^{T) to be the subgroup generated by 
the elements of the form wiv) — v, for v ranging over X^{T). Here wiv) := e^ + w{v), if 
w = te^w for w G W. 
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Lemma 6.4.1. The quotient X^,{T) / L^ is torsion-free, hence there is a unique quotient 
torus "T ofT whose cocharacter lattice is given by 

X,rT) = X,{T)/L^. 

There is a natural identification L^ = ®j£S(w)'^^j- Hence ^T is canonically isomorphic 
to T/Ts(uj) ■ 



Proof. For j G S{w), we have w{loj) — loj = Cj (Lemma 6.2.2). Hence we have a canonical 
identification 

^'=0 ^^j nw{u^j)-^j)- 

and the second summand is contained in Lw 

Claim: L^ n ©j^s(«;)^ej = (0)- 

The claim implies that L^ = ®j^s(w)'^{'w{'^j) ~ ^j)? which in turn implies the lemma. 
To prove the claim, write i' = {vi, ■ ■ ■ , Vd)- A calculation shows that 

w{v) -V = {yra2 - l^mjemi + (fmg - ^'m2)em2 H h (1 + l^mi - Vm)(^m., 

and clearly a sum of such elements can belong to ®jrf{mi,...,mfc_i.m}^ej only if it is zero. D 

Thus, in summary, for S = S{w): 
(6.4.1) X,{Ts) = {w{\) - A I A e X,{T)) = 0Ze,. 

6.5. The functions 5{w,x) £^nd 5^{w,x)- We fix a character x = (xii • • • ^Xd) on T'(Fp), 
and an element w G Adm(;Uo). 



Let 5 = S{w) = {ii, . . . , ih] as in subsection 6.1 and define T5 C T as in subsection 6.4 
Let Tg C Ts denote the kernel of 

Ts — ^ Gm 

(6.5.1) 

(hi 1 ■ ■ ■ ^ti^) ^^ ti^ ■ ■ ■ ti^. 



The homomorphism (6.5.1) also defines the T5(Fp)-module Q£[/ip_i]. The character x 
gives rise to a disjoint decomposition 

(6.5.2) {l,2,...,d} = Oin---nOt, 

given by the equivalence relation ~, where i ~ j if and only if Xi = Xj- 

Lemma 6.5.1. The following conditions on a pair {w,x) ^i"^ equivalent: 
(i) the x-isotypical component oflndrpZ^Qilfip-i] is non-zero; 
(ii) xWsiFp) appears in Q^ifJ'p-i]; 

(iii) Xii =••• = Xih; 
(iv) S{w) C Oi, for some i; 
(v) X ^"5 trivial on Tg{¥p). 
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Proof. Frobenius reciprocity yields (i) <^ (ii). The other equivalences are immediate. D 
We define 6{w, x) G {0, 1} by 

1, if (i-v) above hold for {w,x) 



(6.5.3) 



6{w,x) ■-- 



0, otherwise. 
Corollary 6.5.2. If6{w,x) = 1; then ^x = X- 



Proof. This follows from (iii) in combination with Proposition 6.3.1, (b). 

Now we define 

1, if Xj = triv, Vj G S'(u;) 
0, otherwise. 

The following statement is obvious. 



D 



(6.5.4) 



b^{w,x) ■= < 



Lemma 6.5.3. A character x £ T{¥p)'^ satisfies 5^{w,x) = ^ if o-nd only if x is trivial on 
Tsi¥p). 

6.6. An extension of x- 

Lemma 6.6.1. Suppose d^{'w,x) = 1; ^'^'^ ^e^ K' 5 ^p be any finite extension. Then x 
possesses an extension to a character x on T{k,f.i) xi [w) which is trivial on Ts{kr') and {w). 



Proof. This is straightforward, using (6.4.1), along with Lemma 6.5.3 



D 



7. Trace of Frobenius on nearby cycles 



7.1. Definition of the functions 



^r,0 



and 



''r,x 



. We fix r and write q for p"^ . Recall 



/x* = —wo{fi), where jj, is the Drinfeld type cocharacter which corresponds to /^o = (1, 0'^ ^ 
under the isomorphism Gq^ = GL^^ x Gm- 



Let (j)r,Q = k„*.r, where kii*.r '■= g'^'^ 'z^*^r is the Kottwitz function. Here Zij*,r G 



^fj. ,ri 



^/i^ ,r 



-fj. ,r 



Z(Gr,Ir) is the Bernstein function as in the Appendix, section 14.1, and p is the half-sum 

d-l 

2 • 



of the S-positive roots, so that {p,^J-*) 

By ^H05] , the function (j)r,o is known to be "the" test function for the ^o nioduli problem, 
in the sense of the Introduction, i.e., (pr,o satisfies the analogue of (8.1.2) below, relative to 



R^o instead of R^x- ^^ fact, this follows from section [81 by taking x = triv to be the trivial 
character. The function (j)rfi also computes the semi-simple trace of Frobenius function for 



the nearby cycles -R^o> see Proposition 7.2.1 below. 



At this point we introduce a change in the notation used in sections [3]-[6| by letting 
T = G^ X Grn denote the maximal torus in Gq^ = Gh^ x Gm whose first factor is the 
usual diagonal torus. We will only consider characters x on T{¥p) which are trivial on the 
Gm-factor. It is obvious that for such x and for w £ W, we may define the symbols 6{w, x) 



and 6^{vj,x) as in (6.5.3) and (6.5.4). 
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Now fix a character x ^ T{¥pY which is trivial on the Gm-factor. Recah from section^ 
the Hecke algebra Ti{Gr,Ir,Xr) and its center Z{Gr, Ir^Xr), where Xr = X° ^r, as in the 
Introduction. We want to define a function (f>r,x £ ^{Gr,Ir,Xr) with analogous properties 
to those of (j)rfl. Recall that 1+ C Ir denotes the pro-unipotent radical of Ir, and that we 
have the decomposition 

T{kr) X W = I+\G^//+. 

Here, as in section [2J we embed t\w € X*(r) ><iW = W into NG{T){Lr) by using permuta- 
tion matrices to represent the elements w and by sending tx to \{'w), where w = p. Also, 
we use Teichmiiller representatives to regard T{kr) as a subgroup of T{Ol^), and thus of 

Ir- 

The function (f)r^y. will be defined by specifying its values on representatives tw, for t G 
T{kr), w S W. Since t and w do not commute in general, this will only make sense in the 
situation where S{w, x) = 1- The key point is the following lemma. 

Lemma 7.1.1. Suppose 5{w,x) = 1- Having fixed the embedding T{kr) xi W ^^ Gr as 
above, for each t there is a unique function tp £ T-L{Gr,Ir-,Xr) supported on I^twlr and 
having value 1 at tw. 

Proof. On Irtwir, we define ifj by the formula 'ip{iitwi2) = X^^{ii)^^X^^{'t2), where ij = 
tji'J G T{kr)I^ for j = 1,2. We need only check this is well-defined, and for this it is 
enough to check that iitwi2 = tw implies that X "'^(^i)x^^(^2) = 1- But iitwi2 = tw only if 
ti = ^t2 , and so the result holds because xih) = x(^*2) (using Corollary 6.5.2). D 

Definition 7.1.2. For any r > 1, let (pr,x be the unique function in Ti^Gr, Ir, Xr) determined 
by 

4>r,x{tw) =6'^{w'^,x)Xr'^{t)k^*,r{w), 

for all {t,w) eT{kr) x VF. 

Note that k^*^ri'w) is supported on w G Adm(/i*) (cf. Appendix), and for such elements 
6^{w~^,x) is defined. Therefore the previous Lemma shows that the right hand side is 
well-defined. 

The Iwahori-level function ^^,0 can be seen as the special case corresponding to the trivial 
character x = triv. 

Here is how we will proceed: at the end of the present section we will show that (^r.,x 
computes the semi-simple trace of Frobenius on R^x- Then, in Theorem 8.1.1 we will show 
that this function is "the" test function for R^x^ ^^ ^^e sense that (j)r^x satisfies (8.1.2). 
Finally, in Proposition 11.2.1, we shall identify (pr,x using Hecke algebra isomorphisms, and 
thereby show that it belongs to the center Z{Gr, Ir, Xr) of T-L{Gr,Ir, Xr)- 

7.2. Trace of Frobenius on i?^0' We start by recalling some results on Tr** (<!>!,', i?^o) 
proved in [Hlbj and [HNj . 

Etale locally at a point in its special fiber, ^o is isomorphic to the local model |RZj . which 



we will denote by M . The Zp-scheme M can be identified with a closed subscheme 
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of a certain deformation of the affine flag variety of GL^ x Gm to its affine Grassmannian 
(cf . |HNj ) . The special fiber of M'°'^ is a union of the Iwahori-orbits FL^; in the affine flag 
variety associated to w £ Adm(//), 

(7.2.1) M'°= Fp = FL^ := J] FL^. 

A point X € ^0 belongs to the KR-stratum Aq^w if and only if it is associated via the 
local model diagram to a point x lying in FL^. By [Hlb] or |HN] . the nearby cycles sheaf 
^\j/l°c ._ ^^M ^Q^-j jg Iwahori-equivariant and corresponds to the function q^^'^' z^j, under 
the function-sheaf dictionary. This means that for x G Ao^w{kr) we have 

(7.2.2) Tr^^(cl>;, [m^\) = Tr^^(cl>p^ i?^l-) = qM .^^^(^y^y 

On the other hand, there is a general identity z^*^r{w^^) = z^^r{w), where fi* = —wo{^) 
for any dominant fx and any w G W (cf. jHKPj ). Thus we have 

Proposition 7.2.1. For x G Ao,w{kr), 

D 



7.3. Trace of Frobenius on R^x' ^^ ^^^^ ^^^^ prove the analogue of Proposition 7.2.1 for 
arbitrary x (which is trivial on the Gm-factor). First, we need a preliminary construction. 
Let x G AQ^w{kr). We will construct from x an element tx G T'^(Fp), where S = S{w). (In 
keeping with the notation change made at the beginning of this section, one should think 



X 



of T as the quotient of T = G^ x Gm by the torus (Hies ^" 

Choose a sufficiently large extension kj.' D kr and a point x' G Ai^wi^r') lying above x. 
Then its Frobenius translate ^p(x') also lies above x. Since Ai^w — )• Aq^w is a r'^(Fp)-torsor, 
we have 

(7.3.1) ^;{x') = x'U 

for a unique element tx G T (¥p). It is easy to check that tx is independent of the choice 
of x' and r'. 

The element tx enters into the computation of Tr**($p, R^x,x) via the following lemma, 
cf. P, §1.4. 

Lemma 7.3.1. Suppose that 6^{w,x) = 1 o-nd let x '■ T {¥p) — )• Q^ denote the charac- 
ter derived from, x- Let Qi^^ ~ i'^S,*{Qe))x denote the push-out of ns^^iQi) along x (cf. 
Theorem 5.3.1). Then 

TV($;,(Q,,^),.) = x(t.). 

D 
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Putting together Theorem 5.3.1, Proposition |7. 2. ij and Lemma |7.3.1[ we get 
Tr-($p^ (fsR^^).) = 6Hw,x) ■ X{t.) ■ TT^'{%,i*s{R^o).) 

= S^{W, X) ■ Xr{t) ■ k^*^r{w~^) , 

where t S T{kr) is any element such that Nr{t) projects to tx G T^{¥p). This imphes the 
following result. 

Theorem 7.3.1. Let x G Ao^wikr) cind write S = S^w). Then for any element t G T(kr) 
such that Nr{t) projects to tx G T'^{¥p), we have 



D 



i. Counting points formula 



8.1. Statement of the formula. Fix r > 1 and let kr = ¥pr. Fix x G ^(Fp)^. We recall 
that ^0 = •^o,Kp, where K^ is a sufficiently small compact open subgroup of G(A^), so that 
^0 is a generically smooth Zp-scheme. Our goal is to prove a formula for the semi-simple 
Lefschetz number 

(8.1.1) Lef-($p^x):= ^ 1V^'(^p ^^x,-)- 

xGAoikr) 

We shah follow the strategy of Kottwitz fK90]. (K92]. 



Theorem 8.1.1. Let (pr,x be the function in T-L(Gr,Lj.,Xr) defined in DeHmtion 7 .1 .2 . Then 
(8.1.2) Lef^^(c^;,x)= Y. c{jo;i,S)0,{fnTOsA<Pr,x)- 

(7o;7,'5) 

The terms on the right hand side have the same meaning as in |K92j . p. 442^ Recall 
that fP = Irp, and that the twisted orbital integral is defined as 



TOsai(p)= / ^{x~^6a{x))dx 

where Gsa = {5 G G{Lr) \ g~^6a{g) = 5} and where the quotient measure dx is determined 
as in |K92j . except that here we use the measure on G{Lr) which gives Lr measure 1. 

Exactly as in |K90j . the sum in (8.1.2) is indexed by equivalence classes of triples 
(70; 7, 5) G G(Q) X G{AK) X G{Lr) for which the Kottwitz invariant a{'yo;j,6) is defined 
and trivial (see |K92j . p. 441). The term 0(70; 7, 5) is defined as follows. Let I denot^the 
inner Q-form of /q '■= G-y^ specified in |K90j . §3. (In what follows, / will be realized as 
the group of self-Q-isogenies of a triple {A', A', i') coming from a point in Ao{kr).) We let 



The factor |ker^(Q,G)| does not appear here, since our assumptions on G guarantee that this number 
coincides with |ker^(Q, ^(G))| and that this number is 1, cf. loc. cit., §7. 

There should be no confusion arising from the fact that elsewhere in the paper the symbol / denotes an 
Iwahori subgroup. 
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c(7o;7,5) = vol(/(Q)\/(Aj)) |ker[keri(Q, /q) -^ ker^(Q,G)]|. The measures on /(Ap and 
I{Qp) used to define vol(/(Q)\/(Aj)) are compatible with the ones on G^(A^) and Gro- 



used to form Oj{fP) and T0s(T{4'r,x)^ ^^ the sense of |K90| . §3. The expression (8.1.2) is 
thus a rational number independent of the choices of these measures. 

8.2. Description of the Ar^-points in a Q-isogeny class in Aq. We will prove Theorem 
by determining the contributions of the individual Q-isogeny classes to Lef**($p,x)- 



8.1.1 



We will perform the calculation on each KR-stratum Ao,w separately. We will first describe 
the /cr-points of ^o lying in a single Q-isogeny class. 

Fix a point {A',,\' ,i' ,1]') £ Ao{kr). Set {A',X',i') := (Aq,Aq,«o), and regard this as a c- 
polarized virtual B-abelian variety over k^ up to isogeny, using the terminology of |K92j . §14. 
Let / denote the Q-group of automorphisms of {A', A',i'). Thus, using the notation k = k^ 
and A = A' (Sikr k, then /(Q) consists of the Q-isogenies A ^ A which commute with i' , 
preserve A' up to a scalar in Q^, and commute with vr^/, the absolute Frobenius morphism 
oi A' relative to kr (see [K92], §10). Let Isogo(^', A',i') (resp. lsogQ.^^{A', X',i')) denote 
the set of points {A,, X,i,ri) S Ao{kr) (resp. Ao,w{kr)) such that {AQ,X,i) is isogenous to 
{A',X',i'). Following the usual strategy, we need to prove a bijection 

(8.2.1) Isogo(^',A',i') = imW X Yp] 

for some appropriate sets Y^ and Yp. 

For the moduli problem ^o, such a bijection is explained in |H05J . §11, which we now 
review. Associated to {A' , A', i') is an Lj.-isocrystal {H'^ , <1>). The precise definition of H' = 
H{A') is given in |K92], §10, but roughly H' = H{A') is'the W{kr)-dual of H^,y,{A' /W{kr)) 
and ^ is the a-linear bijection on H'^ such that p^^H' D ^H' D H' (i.e. <1> = V^^, 
the inverse of the Verschiebung operator on H{A') which is induced by duality from the 
Frobenius on H^ {A' /W{kr)); see the formulas (14.4.2-3) in |H05| ). We have isomorphisms 



of skew-Hermitian 


Ob(E>i 


^^- (resp. Ob L, 


-) modules 


(8.2.2) 




V(^k^j = 


^i(A',Ap 


(8.2.3) 




V ® Lr = 


H{J^)l. 



which we fix (the end result of our calculation will be independent of these choices). 

Let us describe the set yp. Using (8.2.2), transport the action of vr^, on//i(A',A^) over to 



the action of an element 7 G G(A^) on ^ig) A^. A Q-isogeny ^ G Isom((Ao, A, i), {A' , A', i'))^ 
takes a iC^-level structure on Aq to an element yK^ G G{A?r) / K^ . More precisely, having 
fixed (|8.2.2|), there is a map Isogo(A', A', i') -f /(Q)\G(Ap/ifP of the form 



(A„A,i,r/)^^(7?) 



(use (8.2.2) to regard ^(??) G G{A^r)/K'^). The level structure is Galois-invariant if and only 



if y 7y G K^. Thus we define 

YP := {y G G{AP.)/KP \ y'^^y G K^}. 
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A theorem of Tate gives an isomorphism /(A^) = G{AK)^ (cf. |K92j . Lemma 10.7), and the 
latter acts on YP by left multiplications. So /(Q) acts on YP via I(Q) ^ /(A^. 

Next we turn to the set Yp. Using the terminology of |RZj . we shall describe it as the set 
of multichains H, of Ob ® VF(/cr)-lattices in H{A')l^. = Vl^. Let 

A, = A, e a; 

denote the "standard" self-dual multichain of Ob "X" Zp-lattices, in the sense of |RZ| . which 
is constructed in |H05] . §5.2.3. We may assume that A, corresponds to our base alcove a in 
the building of G{Qp). Let Y° denote the set of all multichains of Ob ^ W^(fcr)-lattices H, 
contained in V^^, of type (A,) and self-duajjup to a scalar in L^ . The group G{Lr) acts 
transitively on these objects, and thus we can identify Y° with G{Lr)/Ir- To see this, we 
use |RZ| . Theorem 3.11, 3.16, along with |P] (see |H05] . Thm. 6.3). 
Consider the set 

{{A.,X,i,0} 

consisting of chains of polarized Os-abelian varieties over kr, up to Z(p)-isogeny, equipped 
with a Q-isogeny of polarized O^-abelian varieties ^ : Aq ^- A' . The group /(Q) acts on 
these objects by acting on the isogenies ^. The covariant functor A i— )■ H{A) takes this 
set to the set of chains of Ob (8> VF(A;r)-lattices in H{A')l^, equipped with Frobenius and 
Verschiebung endomorphisms. In fact, {A,,X,i,^) i— )• ^(H{A,)) gives an isomorphism 



{iA.,X,i,0}^Y, 



pi 



where by definition Yp is the set of H, G 11° such that p ^Hi D ^Hi D Hi for each i, 
and a~^{^Hi/Hi) satisfies the determinant condition. The determinant condition arises 



because we imposed it on Lie(^i) in (3.2.1), and we have ^H{Ai)/H{Ai) = cr(Lie(Aj)) (cf. 



|H05| ■ §14). The group /(Q) acts on Y^ in a natural way. 



Let us rephrase the determinant condition. Using (8.2.3) we write ^ = 5a for 5 G G{L. 



Lemma 10.8 of |K92j shows that (8.2.3) induces an isomorphism /(Qp) = Gga, and hence 
an embedding I{Q) ^^ G{Lr). Thus for any element g E I{Q)\G{Lr)/Ir, the double coset 
Irg^^Sa{g)Ir is well-defined. 

We use the symbol x to abbreviate {A,, A, i, r/) G Isogo(^', A', i'). Choose any Q-isogeny 
^ G Isom((ylo, A, i), {A', A', i'))Q. Write 

(8.2.4) aH{A,)) = gl,^w(kr) 

for some g G G{Lr)/Ir- The image of g in I{Q)\G{Lr)/Ir is independent of the choice of ^. 
Thus we have a well-defined map 

(8.2.5) Isogo(^',A',i') ^ I{Q)\G{Lr)/Ir 

X ^ [g]. 



In paxticular, these multichains are polarized in the sense of |RZ] . Def. 3.14 
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For each index i of the chain A,, let Ki denote the fixer of Aj in G{Lj.)- The determinant 
condition (3.2.1) at i gives the relative position of the lattices Hi and ^Hi, and may be 
written 

(8.2.6) mvK,{Ai,w{kr)^ g~^^'^{9)Kw{kr)) = f^* ^ 

where fi* := —wo{fi) corresponds under Morita equivalence to /Iq := —wo{fio) = (0*^"^, —1) 
(cf. fH05] ■ §11.1). This says that g~^6a{g) G I.rW~^Lr for some w G Perm (//). The equality 
Adm (fi) = Perm (//) holds (this translates under Morita equivalence to the analogous 
equality for GL„,, which is known by |KRj ) . 
For w G Adm (/i) define 

(8-2.7) M^{kr)= JJ M^ikr). 



(Note that l^w{kr) = FL^-i(fer), in the notation of (7.2.1).) The determinant condition on 
H, can now be interpreted as: 

(8.2.8) g-'5aig)A,^w{k.) G M^(/c,). 
We can thus identify 

(8.2.9) Yp = {gir G G(L,)//, | g-'Sa{g)Ir G M^(A;,)}. 
Also, for w G Adm (;u), define 

(8.2.10) Fp,^ = {gIr G G(L,)//, | g-^5a{g)Ir G M^{kr)}. 
Let us summarize: 

Lemma 8.2.1. The map (^,,A,i,r/) i— t- [^{fj),^{H{A,))] determines a bijection 

(8.2.11) Isogo(A', A', i') ^ I{q)\[YP X Yp] 

(here ^ is any choice of Q-isogeny as above). This map restricts to give a bijection 

(8.2.12) Isogo,^(^',A',i') ^ I{Q)\[YP x y^,^]. 

The final statement comes from an analysis of how the KR-stratum of x can be recovered 
from the element g~^6a{g). This is explained in |H05j . Lemma 11.1, noting that here 
w~^ appears instead of w because of differing conventions (here /io = (IjO"^"^); in loc. cit. 
fiQ = (0 , —1)). We state this as the following lemma. 

Lemma 8.2.2. ([H05], Lemma 11.1) Fix w G Adm(/x). Let {A,,X,i,r]) G Isogo(^', A', f). 
Suppose that ^ : Aq ^ A' is a choice of Q-isogeny as above and set ^{H{A,)) = g■^.,^w{kr) 
for g G G{Lr)/Ir- Then the image g G I{Q)\G{Lr)/Ir is well-defined (independent of ^) 
and {A,,\,i,fj) G lsogQ.^[A' .,\' ,i') if and only if 

Irg^ 6a{g)Ir = IrW^ Ir- 

D 
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8.3. The group-theoretic analogue tg of tx- Let x = {A,,X,i,ri) G IsogQyj{A', X',i'). 
Recall from (7.3.1) that x determines an element tx G T'^(¥p), where S = S{w). 

Now we need to give a more group-theoretic description of tx, which will be denoted tg, 
where g G I{Q)\G{Lr)/Ir is defined in (8.2.5). We first need a lemma. Recall that Morita 
equivalence is realized here by multiplying by the idempotent en G Mrf(Zp). Below, we 
shall abuse notation, in that operators induced via Morita equivalence (e.g. 5(t) will be 
denoted by the same symbols. Further, in our standard lattice chain Aj = Aj © A* we have 
( [H05] . 5.2.3) 

(8.3.1) Ai = diag((p-l)^ l-^-^) Md(Zp) 

and we use the same symbol to denote its Morita equivalent enAj, namely 

(8.3.2) Ai = {p-%y © Z'^-\ 

Lemma 8.3.1. Suppose g G I{Q)\G{Lr)/Ir satisfies g^^5a{g) G IrW^^Ir, cind write 
S{w) = S. Let g G G{Lr)/I^ be any lift of g, and set for any r' with kr' D kr, M,y := 
eii(gA,iY(^f, ,\) = 5A,(4/(fc ,). Then, for any sufficiently large extension kr' D kr and, for 
each non-critical index i (i.e., i ^ S), there exists a non-zero Vi G Miy/Mi-iy such that 
{6a)^^{vi) = Vi (and vi is uniquely determined up to a scalar in ¥p ). 

The identity {6a)~^{vi) = Vi is meant here in the following sense: {5a)~^ preserves each 
Mi and for non-critical i induces a bijection 

(the second arrow being induced by inclusion (da)^^Mi C Mi), which sends Vi to itself. 

Proof There exists {A,,X,i,f]) G lsogQ^^{A' , X' ,i') such that M, = euH{A,) = M{X,), 
where X, is the chain of p-divisible groups (3.3.5) and M{Xi) is the covariant Dieudonne 



module of Xi. We regard this as an equality of chains in eii(y ® Lr) = Lf (via (8.2.3) and 
Morita). We may identify Miy/Mi_iy with the covariant Dieudonne module M{Gi^k ,)■ 
Choose kr' such that for each non-critical index i, we have Gi^k., — {Z/p'Z)k ,■ The covariant 
Dieudonne module of (Z/pX)^ , is {kr',F = 0,V = o"~^). The Verschiebung operator 
V = {dcr)~^ on H^^ induces the operator a^^ on M{Gi^k.i) = kr', which contains a unique 
Fp-line of (T~^-fixed points. D 

Now fix g, g, r' , and v, as in the lemma. Let ej denote the i-th. standard basic vector in 
Zp, and let e^y denote the image of p^^Ci in the quotient Aj^y^^ ,)/-^i-i,w{k ,)■ Write 

(8.3.3) {M,,v,) = gt'{A,^w{k^,)ie,,r'), 

for a unique element t' G T {kr'). Here and in what follows we are using Teichmiiller lifts 
to regard T^{kr') as a subgroup of T^{Ol^,). 

By (8.3.3), we have an equality (in the sense analogous to the previous identity [5a)^^v, = 
v.): 

(8.3.4) (gt')-^ {6a)-' {gt') e,y = e.y. 
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Now we may define 

(8.3.5) tg := (gt')-^ a'{gt') = t'-^ a'{t') G r^(V)- 

It follows easily that tg depends only on g G I{Q_)\G{Lr)/Ir and not on the choice of r', g, 
or V,. 



Lemma 8.3.2. Let g be as in Lemma 8.3.1. 

(i) We havetg GT'^iYp). 

(ii) If g com,es from, x via (8.2.5), then t^ = tg. 

(iii) Choose any liftg in G{Lr) of g £ I{Q)\G{Lr)/Ir; if g~^So-(g) G I^tw^^I^ , where 

tw^^ G T{kr) >^ W is embedded into G{Lj.) as in section 2, then Nr{t) projects to t~^ in 

r^(Fp). 

Proof. Part (i). Heuristically, g~^ 6a{g) is the inverse of "Verschiebung in the fiber over 
glk ,", and tg measures the difference between two points in the fiber over g £ G{Lr)/Ir in 
the moduli problem 

(lattice chain; generators in non-critical indices, fixed by Verschiebung over the chain). 

The group of deck transformations of the forgetful morphism - the one forgetting the gen- 
erators - is the torus r'^(Fp). Thus tg G T^{¥p). Rather than making these notions precise, 
we will take a more pedestrian approach. 

In view of (8.3.4), to show that tg G T {kr') belongs to T (¥p) it suffices to show 

(8.3.6) {6a)-\gt'tg)e,y = (gt'tg)e,y. 



However, applying o"'^ to (8.3.4) and using [o"''',5(t] = we obtain 

{5ay'^{a''{gt'))e,y = a'^{gt') e,y, 



which implies (8.3.6) by (8.3.5). 



Part (ii). This follows, using Morita equivalence, from subsection 8.4 below. 

Part (iii). It is enough to prove the following equivalent statement. Recall Xr = X° ^r- 
(iii'): For each x with 6^{'W,x) = 1; ifd^^^'^ilj) G I^tw~^I^ then Xr{t) = x{ig^)- 

We first claim that this condition is independent of the choice of lift g. Write g~^5a{g) = 
iftw~^i2 for some if ,i2 £ I^- Changing the choice of the lift g G G{Lr) replaces t by an 
element of the form tit^ a{ti)~^ for some ti G T{kr). But then Xrit) is replaced by 

Xritlt^Mtl)-') = Xr{t) ■ Xrih) ■ X.( ""^(tl))-^ 

Since ^x = X ( Corollary |6. 5. 2 ) we also have ^Xr = Xr, and thus the right hand side is Xr(,t), 
and the claim is proved. Thus it makes sense to define 

Xr{g'^5a{g)) = Xr{t) , 
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where g ^6a{g) £ I^tw ^I^ . Now to compute Xr{9 ^Sa{g)) for g as in (iii), we again fix 
any representative g £ G{Lr) for g and write g~^{6a)g G I^tw'^I^a. The identity 



t'-\g-\Sarg\t' e., 



6^ r' 



imphes that 

(8.3.7) [t'-^{tw-^a)t'-^]-^ e,y = e,y. 

(We require the —1 exponent on [• • • ] here for the same reason it is required to make sense 
of {6a)~^v, = V,.) "Raising (8.3.7) to the rth power" yields 

(8.3.8) ('"'^)'[t'-iiV,"'"'(t) '"'a'-it'T^c^r' = e,y, 

where A'^^ (t) := t- ^ f^^ . . . («" <^)'' t_ Here we have used the fact that w^ , and thus also 
{way, fixes e,y. 

We claim that in fact we,y = e,y. First recall (Lemma 6.2.3, Proposition 6.3.1) that w 
corresponds under Morita equivalence to a matrix of the form diag(l, . . . ,p, . . . , 1)E, where 
E is an elementary matrix which fixes every e^ with i ^ S = S{w) and where p appears in the 
m-th place for some m ^ S. Then it is clear that for i ^ S, we have w{p~^ei) = pcm+p'^ei, 
which is congruent modulo Aj_i to p^^Ci. This proves our claim. 

Prom (8.3.8) and the fact that conjugation by wa preserves Tg C T (see Lemma 6.4.1) 
we deduce 

(8.3.9) t'-^N:^~\t) ^"a''(t') G TsiK'). 

Now the fact that 6^{w, x) = 1 means that x £ T{¥p)'^ can be extended to a character x 
on T{kr') X (w) which is trivial on Ts{kr') and on (w) (Lemma 6.6.1). Applying x to (8.3.9) 
gives 

x{Nr\t)) = x(.t'-'^-y{t'))-\ 

and hence the desired equality 

Xrit)=xitg^)- 

D 

8.4. Oort-Tate generators in terms of Dieudonne modules. We pause to fill in an 
ingredient used in the proof of Lemma 8.3.2, (ii). 

Let Q denote an etale finite group scheme over kr having order p. Por example, we could 
take G = Gi := ker(Xj_i — t- Xi) for a non-critical index i in the chain of p-divisible groups 
(3.3.5). Suppose kr' D kr is an extension field such that Gk , — i'^/p'^)k ,■ An Oort-Tate 
') is then given by the choice of an isomorphism 



generator t] £ Q^ 



V ■ (Z/pZ)fc , -^ Gk,- 



The group p,p-i{k,,j) = F^ acts on G^ {kj,'): it acts on the set of rj via its natural action on 
Z/pZ. Also, the group Gal{kr'/kr) acts on G^{kr>). 
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We want to describe these data in terms of Dieudonne modules. Let M{G) denote the 
covariant Dieudonne module oiG; this is a W{kr)-niodule equipped with Frobenius operator 
F and Verschiebung operator V. We have M((Z/pZ)fc^) = {kr, F = 0,V = a~^). 

Applying the functor M(-) to r] : (Z/pZ)^ , -^ Gk , yields an isomorphism compatible 
with the Verschiebung operators on each side, 

M{rj) : kr' = M{{Z/pZX,,) -^ M(g,,^,). 

Since Q is defined over kr, M{Qk ,) carries an action of Gal{kri /kr), in particular of o"^. 
Also, there is an obvious action of F^ C k^, on M{Qk'^). 

Lemma 8.4.1. Let V denote the Verschiebung operator on M{Qk^). The association r] i— ;■ 
M(r]){l) = V sets up a bijection 

{Oort-Tate generators rj £ Q^ [kr')} < — > {non-zero vectors v G M{Qk ,) with Vv = w} . 



Moreover, this bijection is equivariant for the actions of a^ and fj,p^i{kr' 
sides. 



Fp on both 

n 



8.5. Contribution of Isogo(^', A', i') to the counting points formula. Recall from 
|K90) ■ §14, the map {A',X',i') i— )■ (70; 7, 5). Above we recalled the construction of 7 and 
6. Once 7 and 6 are given, 70 is constructed from them as in loc. cit., and we shall not 
review that here. For the remainder of this section, we fix (A',\',i') and the associated 
triple (70; 7, (5). 

Temporarily fix ti; £ Adm (fi), and consider points x = {A,,X,i,r]) S Isogot„(^', A', i'). 
For each x £ T'(Fp)^ we must calculate 

Tv'%%,{m^),). 



By Theorem 5.3.1, this vanishes unless d^i^Wjx) = 1) in which case it is 

Tt''{%,iQe,x^R^o)x). 
The nearby cycles sheaf -R^o is constant along the KR-stratum Aq^w, and if x G Ao,w{kr 



maps to g under (8.2.5), then by Proposition 7.2.1 

(8.5.1) TV*'($^, {R^o)x) = 0r,o(w''') = ^rfl{9'^Sa{g)). 



By Lemma 7.3.1, we have 

Tr-(<&;,(Q,,^),) = x(i.) = x(t,), 

using Lemma 8.3.2| (ii) for the last equality. By Definition 7.1.2 and Lemma 8.3.2 (iii) we 
have 

4>r,x{9~^^(^{9)) = S^{w, X) X{tg) (t>r,o{'^~^)- 

Putting these facts together with our parametrization (8.2.12) of Isogo^t,(^', A',i'), we see 
that for each w € Adm'^(//) and x G ^(Fp)^, 

J^ TT^^{¥^,{m^),) 

xelsogQ {A',\',i') 
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is given by 

vol(/(Q)\/(A/)) O^in T0sA4>r,x ■ l/.»-i/J- 
Now summing over all w G Adm (/x), we obtain the following. 

Proposition 8.5.1. For any x S r(Fp)^, the contribution of (A',X',i') to the counting 
points formula is given by 

(8.5.2) Yl '^"(^P (^^x)-) = vol(/(Q)\/(A/)) O^ifn TOsA<Pr,x), 

xeIsogQ{A',A',j') 



where (l)r,x ^■^ the function o/ Definition 7.1.2 



8.6. Conclusion of the proof of the counting points formula. By Kottwitz |K92j . 
{A' , X' ,i') I— )• (70; 7, 6) maps to the set of triples for which the Kottwitz invariant 0(70; 7, 6) 
is defined and trivial. The image consists of triples for which 7o7o = c for a positive 
rational number c = p^co, for cq a p-adic unit, and for which there exists a lattice A in 
Vl^ with {5a)A D A (see |K92j . Lemma 18.1). In loc. cit., p. 441, Kottwitz determines the 
cardinality of the fiber above (70; 7, (5) to be |ker (Q,/o)|- Further, he shows that in the 
counting points formula, we may drop the conditions in loc. cit.. Lemma 18.1, imposed on 
(70; 7, S) other than 0(79; 7, S) = 1. Recall that in our situation, where |ker^(Q, G)\ = 1, we 
have c(7o;7,5) = vol(/(Q)\/(Aj)) |ker (Q, /o)|- Therefore, exactly as in loc. cit., we derive 
Theorem |8.1.1| from Proposition |8.5.1 



9. Hecke algebra isomorphisms associated to depth-zero characters 

9.1. Preliminaries. In this section we temporarily change our notation. We let F denote 
an arbitrary p-adic field with ring of integers O, and residue field kp. Let q denote the 
cardinality of kp. Write zu for a uniformizer (some constructions will depend upon this 
choice of uniformizer) . 

Let G denote a connected reductive group, defined and split over O. Fix an F-split 
maximal torus T and a Borel subgroup B containing T; assume T and B are defined over 
O. Let °T = T{0) denote the maximal compact subgroup of T{F). Let $ C X*{T), resp. 
^"^ C X^,(T), denote the set of roots, resp. coroots, for G,T. Let U, resp. U, denote the 
unipotent radical of B, resp. the Borel subgroup B D T opposite to B. 

Let A^ denote the normalizer of T in G, let W = N/T denote the Weyl group, and write 
W = N{F)/°T for the Iwahori-Weyl group, cf. [HRJ. There is a canonical isomorphism 
A*(T) = T{F)/°T, X I— 7- w := X{w) (independent of the choice of w). The canonical 
homomorphism N{F)/°T = W ^ W = N{F)/T{F) has a section, hence there is a (non- 
canonical) isomorphism with the extended affine Weyl group W = X^:{T) xi W. 

Next, write x ^oi a depth-zero character of T, that is, a homomorphism °T — )• Q^ which 
is trivial on the kernel Ti of the canonical homomorphism °T = T{0) — )• T^kp)- Clearly 
N{F), W and W act on the set of depth-zero characters. We define 

w^ = {wew\'"x = x}- 
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Consider the natural surjective homomorphisms A^ — )• PF — )• W. We denote by N^ (resp. 
W^) the inverse image in N (resp. W) of W^. Then there are obvious surjective homomor- 
phisms iV^ — )• W-^ — )■ W^. 

Define ^^ (resp. <I>^, resp. ^^^^aff) to be the set of roots a £ ^ (resp. coroots a^ G <5^, 
resp. affine roots a = a + k, where a G <&, A; G Z) such that x ° o^l^x = 1- Note that W^ 
acts in an obvious way on ^^.aff • Define the foHowing subgroups of the group of affine- hnear 
automorphisms of V := ^^.(r) (8) M: 



W^aS = {Sa\ a£ ^x,aff)- 

Here Sa and Sq are the reflections on V corresponding to a and a. 

It is clear that ^^ is a root system with Weyl group W°, and that W° C W;^. Let $+ 
denote the B-positive roots in $, and set $J = $;^ n $^. Then $r|: is a system of positive 
roots for $-^, and we denote by 11^ the corresponding set of simple roots. 

Let C^ resp. a-^ denote the subsets in V defined by 

C^ = {v £ V \ < a{v), Va G <!>+}, resp. 
a^ = {v £V \ < a{v) < 1, Va G $+}. 

For a G 'I'x.aff '^^ write a > if a{v) > for all v £ a.^. Let 

Ilx.aff = {a G '^x.aflf I a is a minimal positive element}, 

for the obvious ordering on the set ^^.aff- Define 

Sx,aS = {Sa I a G n^aff} 

Q^ = {w £ W^ I zi;a^ = a^}. 
In general, W^ can be larger that W° and is not even a Weyl group (see Example 8.3 in 



Roj and Remark 9.1.2 below). The next result is contained in [Ro 



Lemma 9.1.1 (Roche). (1) The group Wy-^^s is a Coxeter group with system of generators 
5'x,aff; 

(2) there is a canonical decomposition W^ = W^^^^s x ^x> '^'^'^ ^^^ Bruhat order <x and the 
length function i^ on VF^^aff can be extended in an obvious way to Wy. such that il.^ consists 
of the length-zero elements; 

(3) if W° = W^, then M^x.aff T'^esp. W^) is the affine (resp. extended affine) Weyl group 
associated to the root system $^. Further, Cy. is the dominant Weyl chamber corresponding 
to a set of simple positive roots which can be identified with U^- Similarly, a^- is the base 
alcove in V corresponding to a set of simple positive affine roots which can be identified with 
n^.aff. 
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Remark 9.1.2. In |Roj . pp. 393-6, Roche proves that W° = W^ at least when G has 
connected center and when p is not a torsion prime for $^ (see loc. cit., p. 396). It is easy 
to see that W° = W^ always holds when G = GL^ (with no restrictions on p). 

9.2. Bernstein components and Bushnell-Kutzko types associated to depth-zero 
characters. Here we recall some facts about the Bernstein decomposition of the category 
TZiG) of smooth representations of G(F) and Bushnell-Kutzko types (cf. |BKj ) . specifically 
in relation to principal series representations associated to depth-zero characters. 

Choose any extension x ■ T{F) — )• Q^ of the depth zero character x '■ °T ^ Q^ . This 
gives an inertial equivalence class 

[7',x]g = Sx =s, 

which depends only on the VF-orbit of x- It indexes a component TZs{G) of the Bernstein 
decomposition of TZ{G). Recall that TZsiG) is the full subcategory of 'R-{G) whose objects 
are the smooth representations of G{F), each of whose irreducible subquotients is a sub- 
quotient of some normalized principal series i^ixv) •= ^^'^b(f)^^b XV)-: where rj denotes 
an unramified Q^ -valued character of T{F). 

Let / denote the Iwahori subgroup of G{F) corresponding to the alcove a, and let /+ C / 
be its pro-unipotent radical, so that ///"'" = T{kp). Let p = p^ : I ^ Q^ be the character 
of /, trivial on I'^, given by the character that x induces on T{kF). Set Irj = I Ci U and 
Ijj = I nU. In terms of the Iwahori-decomposition 

p is given by 

(9.2.1) p{u-t-u) = x{t). 

Let TZp{G) denote the full subcategory of TliG) whose objects (vr, V) are generated, as 
G-modules, by their p-isotypical components V^. Let T-L{G), resp. 'H{G,p), denote the 
Hecke algebra of compactly supported smooth functions / : G{F) — )• Qi, resp. those with 
f{iigi2) = P~^{h)f{g)p~^ii2) for all 11,12 S / and g £ G{F). Note that T-LiG^p-^) can be 
identified with %{G, /, x) defined in section [2J 

Theorem 9.2.1 (Roche, Bushnell-Kutzko). The pair {I,p) is an s-type in the sense of 
Bushnell-Kutzko |BKj . i.e., an irreducible smooth representation tt of G{F) contains p if 
and only i/vr G TZg{G). Furthermore, TZ^iG) = TZp{G) as subcategories ofTZ{G). There is 
an equivalence of categories 

TZpiG) ^'H{G,p)-Mod 

Proof. This is contained in Theorems 7.7 and 7.5 of ^Roj . The first part is proved there 
using Bushnell-Kutzko's notion of G-cover (cf. |BKj ). However, it can also be proved 
more directly (for depth-zero characters x) by imitating Casselman's proof |Ca| of Borel's 
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theorem that an irreducible smooth representation of G{F) is a constituent of an unramified 
principal series if and only if it is generated by its Iwahori-fixed vectors - i.e, essentially the 
case X = triv of the theorem. One input in that approach is the Hecke-algebra isomorphism 
discussed in the following subsection. □ 

The above theorem allows us to describe Z{G,p), the center ofT-L{G,p), as follows. The 
general theory of the Bernstein center (cf. |BDj ) identifies the center of the category 1Z^{G) 
(i.e. the endomorphism ring of its identity functor) with the ring of regular functions of an 
affine algebraic variety Xg = SpecOx^^ (over Q^). Let us make this concrete for the inertial 
class 5 = 5;^. We can identify 

(9.2.2) x, = {(r,OG}, 

the set of G-equivalence classes (T, ^)g of pairs (T, ^) where ^ : T{F) — ;• Q^ is a character 
extending x- Two such pairs are G-equivalent if they are G(F)-conjugate, in the obvious 
sense. 

In the following we identify the dual torus T = T(Q^) with the group of unramified 
characters r] on T[F). 

Lemma 9.2.2. Let x be a W^-invariant extension of x to a character ofT(F). Then the 
map r] i— )• {T,r]x)G determines an isomorphism of algebraic varieties 

Thus, there is an isomorphism of algebras 

P^:q,[X,iT)]'^-=Ox,^Z{G,p) 

having the property that z G Z{G,p) acts on i'^{xvY by the scalar /3~ {z){r]). 

Here (3- {z) is viewed as a regular function on the variety T /W^, and r/ is a point in 

f/W^. "" U 



We note that VF^-invariant extensions of x exist by Remark 9.2.4 below. The next lemma 
will be useful in the following subsection. 

Lemma 9.2.3. Let x denote a character on T{F) which extends x- Then x extends to a 
character x on N^ if and only if x is W^-invariant. 

Proof. First, x can always be extended to a character x on N^{0) = N^ n N{0), cf. |HLj . 
6.11. Choose any uniformizer ro and note that X^:{T) xi Ny.{0) = A'^^ via (i^, no) i— t- zu'^nQ. 
Define a function x on N^ by setting 

Xi-^^no) = x(ro'')x(?^o)- 
It is then easy to check that x is a character if and only if x is M^;^-invariant. D 
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Remark 9.2.4. We single out a WJ^-invariant extension x™, which depends on our choice 
of uniformizer w and which we call the w- canonical extension. It is defined by 

(9.2.3) x"(tu^to) = x(io), Vz. G X,{T), to G °T. 



In the notation of Lemma 9.2.3 we can define an extension x of x to A'^^ by xi'^'^'iT'o) = 
X('^o)- 

9.3. Hecke algebra isomorphisms. Fix x and p = p^ as above. Fix a VF^-invariant 
character x on T(F) which extends x- Let x denote a character on N^ extending x- 

Assume that W° = W^. Let H = H^ be an F-split connected reductive group containing 
T as a maximal torus and having {X*{T), <I>^, X*(T), $^,11-^) as based root system. Recall 



(Lemma 9.1.1 (3)) that W^ is the extended affine Weyl group attached to H. 

Let Bh D T denote the Borel subgroup which corresponds to the set of simple positive 
roots n^. Let Ih denote the Iwahori subgroup of H(F) corresponding to the base alcove 
a^ and TI^H^Ih) the Iwahori-Hecke algebra of H{F) relative to Ih- 

For w G WJ;^, choose any n = Uw ^ N^ mapping to w under the projection N^ — )• W^. 
Define 

(9.3.1) [InI]^G'HiG,p) 

to be the unique element in T-L{G,p) which is supported on Inl and whose value at n is 
X~^(n). Note that [Inl]^ depends only on w, not on the choice of n G N^, mapping to 
w G W^. 

The following theorem is essentially due to D. Goldstein |Goj . Our precise statement is 
extracted from Morris |Morj and Roche jRoj . The hypothesis W° = Wy- is not necessary, 
but it is sufficient for our purposes and simplifies the statement. Recall that i resp. i^ 
denotes the length function on W resp. W^ = W{H), defined using the alcove a resp. a-^. 

Theorem 9.3.1 (Goldstein, Morris, Roche). Assume W° = W^, and define H = H-^ as 
above. Fix the extensions x (^"^d x o,s above. 

(1) The functions [Inwl]^^ for w G W^ form a Q^-basis for the algebra T-L{G, p). 

(2) There is an isomorphism of algebras (depending on the choice of x) 

^>^:'HiG,p)^^n{H,lH) 

which sends q~^^'^'''^[lnl]^ to q^^^^"^' ''^[lunlii] for any n i— )• tn G W^^. In particular, [In^jl]^ 
is invertible in 'H{G,p) for every w G W^^. 

Proof. The key step for part (1) is proved in [Mor] . Lemma 5.5. Part (2) is a special case 
of |Roj . Lemma 9.3. Note, however, that we describe ^ as depending only on a choice of 
extension x, instead of on the choice of the uniformizer w and other data as in |Roj . since 
this seems more natural to us. D 
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A very special case of the theorem (which is easy to check directly) is that there is an 
algebra isomorphism 

(9.3.2) Vx:^(r,x)^^H(r,°r) 

which sends [^"r]^^ to [t°T]. 

Next, we construct an algebra homomorphism 

9l:n{T,x)^nG,p) 

as follows. Given t G T{F), we write t € T^ provided that t = w'^tQ where to £ °T and 
z/ G X^,{T) is i3-dominant. This notion is independent of the choice of miiformizer w we 
use. Any t G T{F) may be written as t = tif^ , where ti, t2 S T~^ ■ 
We then define 0^ by putting 

(9.3.3) OUrT]^) = 5'i\t) [ItJUim]z\ 

Lemma 9.3.2. The homomorphism is well-defined, i.e., ^^([i°T']^) is independent of the 
representative t and of the choice of ti,t2 S T'^ such that t = tit^ . As the notation 
suggests, 9^ depends on x but not on the extension x of x- 

Proof. The independence of the representative t is clear. Using the isomorphism ^^, one can 
translate the assertion concerning ti,t2 (associated to a fixed choice for t) into an analogous 
independence statement for the Iwahori-Hecke algebra T-L{H,Ih), which is well-known (cf. 
JLusj). The final assertion of the lemma is left to the reader. D 

Note that 6^^ is the usual embedding of the commutative subalgebra Q£[X*(T)] into the 
Iwahori-Hecke algebra -H (//,///) (cf. iLis], [HKP] ). 



Proposition 9.3.3. With the same hypotheses as Theorem 9.3.1 
(1) the following diagram commutes: 



(9.3.4) el 



n{G,p)^n{H,lH) 



'H{T,x)^nT,°T)- 

(2) the isomorphism ^^ sets up an equivalence of categories dK^^ (G) = 9^s^ {H) under which 
i%{xv) corresponds to i^ (rj). 

Proof For (1), suppose t G T+ maps to t^, £ W^. Then Ssit) = q'^'^*"^ and SBnit) = 



gi-^x(*>'). It is immediate from this and Theorem 9.3.1 (2) that ^^^ o 0^ and 6^ o ij;~ agree 
on [t °T]j^. The commutativity in (1) follows, since such elements and their inverses generate 
the algebra % (T, x) ■ 



Shimura varieties with Fi (p)-level via Hecke algebra isomorphisms 



53 



Part (2) is contained in jRo] . Theorem 9.4. Indeed, it is checked there that (9.3.4) 
induces a diagram of functors (whose horizontal arrows are equivalences of categories and 
which commutes up to a natural isomorphism of functors) 



(9.3.5) 



^(G,p)-Mod 



:^niH,lH)-Mod 



'■B 



i/>; 

^x 






n{T, x)-Mod —^ n{T, °T)-Mod . 



n 



In the next proposition we again retain the hypotheses of Theorem 9.3.1 



Proposition 9.3.4. (1) Diagram (9.3.4) induces a commutative diagram 



(9.3.6) 



Z{G,p) 
i 



Z{HJh) 



I 



nT,x) 



w^ 



i'x 



Orr\W^ 



n{T,°T) 



In particular, ^^ restricted to the center depends only on x, not on x- 
(2) The following (equivalent) statements hold: 

(i) Let z G Z{G,p). Then z acts on i'^{x '>])'' ^V ^^^ scalar by which '^^^{z) acts on 



iBnivY"- 



(ii) The isomorphism 9^ o tp- 



X(r)]^^ =n{T,°T) 



w^ 



Z{G,p) 



coincides with the isomorphism (3^ of Lemma 9.2.2 (hence in particular is indepen- 
dent of the choice of Borel subgroup B D T). 



Proof. Concerning (9.3.6), it is enough to recall that for Iwahori-Hecke algebras, 9^ induces 
an isomorphism Qe[X^{T)]^>^ ^ Z{H,Ih) ([E^, [HKP] ). This proves (1). We leave (2) 



as an exercise for the reader (use Proposition 9.3.3 (2)). 



D 



In light of (1), when ^^ is restricted to the center we will also denote it by the symbol 



^x- 



10. The base change homomorphism for depth-zero principal series 



10.1. Properties of the base change homomorphism. We retain the notation and 
hypotheses of the previous section, except the hypothesis VF° = W^, and we add some new 
notation. For r > 1, let F^jF denote the unramified extension of F in F having degree r. 
Let Or C Fr be its ring of integers, with residue field k^. Set Gr := G{Fr), Br := B{Fr), 
and Tr := T{Fr). Write /,. for the Iwahori subgroup of Gr corresponding to /. Use the 
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symbol A',, to denote the norm homomorphisms T{Fr) — )• T{F) and T{Or) -^ T{0), as well 
as the norm homomorphism T{kr) -^ T{k). 

Let Xr '■= X° ^r, which we regard as a depth-zero Q^ -valued character on °Tr := T{Or), 
or as the induced character on T{kr). Note that we can identify W^ = W-^^ (as subgroups 
of the absolute Weyl group W), and W-^ = W^^ (as subgroups of W once it is identified 
with X^{T) X W). 

Let Xr denote a character on T^ extending Xr- Write 5.^ := s^^. = [Tr,Xr]GrJ ^^ inertial 
equivalence class for the category 9\{Gr), which depends only on Xr- 

Write T-l{Gr,Pr) (resp. Z{Gr,Pr)) for the analogue ofT-l{G,p) (resp. Z{G,p)). 

There is a canonical morphism of algebraic varieties 
(lO.Ll) 

{T,OG^{Tr,CoNr)Gr. 

Here ^ ranges over characters on T{F) extending x- Let us describe b* explicitly. Suppose 
X is a VF;^-invariant character on T(F) extending x- Then Xr '■= X ° ^r is WJ;^;-invariant 
and extends Xr- Use Xr, resp. X) to identify T/W^^ with X^^, resp. X^, as in Lemma 9.2.2 
Having chosen x and Xr, we can identify b* with the morphism 

bl : f/Wy^f/Wy 
(10.L2) "" "" 

t ^ Nr{t) = f. 

We define the base change homomorphism 

(10.L3) hr : Z{Gr, Pr) -^ Z{G, p) 

to be the canonical algebra homomorphism of rings of regular functions 0%^ — ?■ Ox^ which 
corresponds to 5* : X^ — )• X^,. . After choosing the extensions x aiid Xr as above, we can 
identify br with the homomorphism 

6, :Q4x,(r)]'^x^Q4x,(r)]^x 

/ ^ 0,^'IT^r^- 



(lo-i-^) E «.-. ^ 



Here X+ denotes a set of representatives for the W^-orbits in X^{T). Further, a^ G Q^, 
and nifj, denotes the monomial symmetric element m^ := "^xew u*^- 

The homomorphism br is analogous to the base-change homomorphism for centers of 
parahoric Hecke algebras, defined in |H09j . Furthermore, these base-change homomorphisms 
are compatible with the Hecke algebra isomorphisms of section [9l as follows. Choose a W^- 
invariant character x on T{F) extending X) and set Xr '■= X° ^r- 

Lemma 10.1.1. Assume that W^ = W°. Consider the group H = H^ from section[^ and 
set Hr := H{Fr), etc. 
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(1) The following diagram commutes 

Z{Gr,Pr) "^ Z{Hr,lHr) 



br 



b" 



Z{G,p) "^ZiHjH), 

where b^ is the base-change homomorphism defined for the groups Hr,H and the trivial 
character x = triv. 

(2) Let (j)r G Z{Gr,Pr)- For any unramified character rj on T{F), set rjr := rj o Nr. Then 
the following five scalars (in Qi) coincide for any rj £ T: 

(i) the scalar by which (pr acts on i q'' {Xr fjr)'''' i 

(ii) the scalar by which "^^^{(pr) acts on i^'' {rjrY^-^ ; 

(iii) the scalar by which br{(t)r) cLcis on i%{xvY > 

(iv) the scalar by which 5^(^j^^(i?i>r)) o-cts on ij^ [f]) > 

(v) the scalar by which "^^{br{(l)r)) acts on i^ {vY^ ■ 



Proof. Part (2) follows from the definition of br and Proposition 9.3.4 (2). Part (1) follows 
from part (2). D 

10.2. The base change fundamental lemma for depth-zero principal series. Retain 
the notation and assumptions of the previous subsection. Further, let a G Gal{Fr/F) denote 
any generator of that cyclic group. 

We will apply the following stable base change fundamental lemma in the present context. 
To state it, we will use the standard notions of stable (twisted) orbital integrals SOs^{(p), 
associated pairs of functions {(p, /), and the norm map M. For further information, we refer 
the reader to |K82j , |K86j , and |H09j . The proof of the next theorem will appear in |H10j , 
where it is proved for arbitrary unramified groups. 

Theorem 10.2.1. For every tp^ G Z(Gr,Pr), the functions (pr and br{(j)r) are associated. 
That is, for every semi-simple 7 G G{F), we have 

cr. fu f^ ^^ \^^U^r), if 7 = ^ for 6 e G{Fr), 

SO^(6r((/>r)) = < 

I 0, if J is not a norm from G{Fr). 

Remark 10.2.2. We can view x' ^ T{krY ^s a depth-zero character on T{Or) and thus 
define the corresponding algebra Z{Gr,Ir,x')- The complete set of idempotents Cp ,, x' ^ 
T(kr)'^ , gives rise to an algebra monomorphism 

Z{Gr,I+)-^ n 2iGr,Ir,x'). 
X'6T(fc,)v 

In |H10j . §10, the base change homomorphisms br : Z{Gr,Ir,Xr) -^ ^iG,I,x) and the 
above remark are used to define the base change homomorphism 

(10.2.1) br:Z{Gr,I^)^Z{G,I+). 
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We refer to loc. cit. for the construction and for the proof that the analogue of Theorem 



10.2.1 holds for (10.2.1). 



11. Image of the test function under Hecke algebra isomorphism 

11.1. Notation. Now we specialize to the case of F = Qp and, as in section 171 write 
G = GLrf X Gm for the localization at p of our usual global group. Let T, resp. B, denote 
the maximal torus, resp. Borel subgroup, in G whose first factor is the usual diagonal torus, 
resp. upper triangular Borel subgroup, in GL^^. 

We only need to consider characters x on T which are trivial on the Gm-factor. For this 
reason, in what follows we may as well assume G = GL^, T = G'^, and fix x = (xii ■ ■ ■ i Xd), 
a character of TiZp) (or T(Fp)). Note that we may identify H = Hy. with the semi-standard 



Levi subgroup M = M^ associated to the decomposition (6.5.2) of d by the "level sets" of 
X- Recall that the Iwahori subgroup / C G{Qp) fixes the base alcove a which we identify 
with the lattice chain A, defined by Aj = (p~"'^Zp)* © Zp *• Throughout this section, let 
w = p, viewed as a uniformizer in Qp or Lr = Qpr . 



Definition 7.1.2 describes our test function (j)r,x as an element in the Hecke algebra 
T-L{Gr,Ir,Xr) = T~L{Gr, Pr)- Implicit in this definition is the choice of uniformizer w = p 
used to define the embedding i-a^^x '■ W ^^ G{F) via {i',w) i— )• -cu'^nw, cf. section^ In the 
present case we take K = G{0), and take riw G N{0) to be the lift oi w ^W = Sd given 
by identifying it with a, d x d permutation matrix. For w G W, denote its image under this 
embedding by n^. 

For the choice of uniformizer w = p,we fix the tu-canonical extension x^ of x (sometimes 



denoted below by x)- We will choose an extension x of X^ a-s in Remark 9.2.4, but in a 
particular way. Note that the isomorphism N{0) = T{0) xi Sd (given as above using 
permutation matrices) induces an isomorphism N^{0) = T{0) xi W^. Hence we may define 
X to be trivial on the elements in W-^ ^^ N^{0), and use this x and x^ to define x as in 
Remark [9^ Set Xr := xo ^^r, and Xr ■■=x°Nr- Using N^^Or) = T{Or) x W^, define Xr 
analogously to x; it is a character on N^^.{F.r) = N^{Fr) extending Xr- We use Xr in the 



construction of the Hecke algebra isomorphism ^!^^ as in Theorem 9.3.1 



11.2. Centrality of 



^r,x 



and its image in the Iw^ahori Hecke algebra of IvF. Let 



O^™ denote the set of indices j G {1, 2, . . . , d} such that Xj = triv. 
denote the fiM-dominant element in the set of coweights Cj (j G O 
defined in section 



Adm^(C'^"^ 



(11.2.1) 



6.3 



By Proposition 



6.3.1 






let p} 



Recall the set 



If O^"^ / 



(b) we have 



Adm^(O^'-i^) 



Adm*^(^M, 



where by convention both sides are empty if O^" 
Adm^(0*"^). 



Also, 6^{w,x) 



1 iff u; G 
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Thus, we may write Definition |7. 1 .2| as 

(11.2.2) 4'r,x= X] 4>r,o{w~^) [Irn^-ilr]xr- 

u;GAdm'^(C'J,"^) 
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Recall that (f>rfi = k^* ,^ and k^*{w ^) = k^^^{w). Together with (11.2.1) this yields 



(11.2.3) 






Writing £^''\-) in place of ^x(')) ^^ see, using Theorem 9.3.1 (2), that 



(11.2.4) 



* 



Xr\'rr,x 



) = E ^.^o.(-) <Z^(-)/^-^"(-)/^ [Im.u^-^ImA- 



«)eAdm"{^i) 



Here q = p^ . Using (6.3.5) and Proposition 6.3.1 (e), we may rewrite the right hand side 
as 

(11.2.5) 



^(i^„)/2-£A^(t,l)/2 



'Z"""^"^ "^i"^ E A;;f_,(u;) [/M.n^-i/M. 



weAdm'^' {fM^) 



Again, if fi]* denotes the "dual" of /iJ, (the analogue of /ig), we have kH,^{w "^ 



P-i'^r^ 



k { (w). We have proved the following result. 



Mi,'- 



Proposition 11.2.1. Let w = p. If 0\'" 



then 



.^ - ., „,„.,„ 4>r,x = 0. // Of- + 0, then <j)r,x G 
Z{Gr,Ir,Xr), 0-nd the isomorphism ^-^ sends (j)r,x to the element 



>S,M*>-(PSM'^i*) k^ 



tMi,,r 



in the center Z(Mr,lMr) of the Iwahori- Hecke algebra for the Levi subgroup M associated 
to X- 

12. Summing up the test functions 0r(-R^x) 

12.1. Proof that the test function (f)r,i is central. The previous section proved that 
each test function 4>r,x belongs to the center Z{Gr,Lr, Xr)- In the present section we deduce 
that the test function cpr,! = (priR^^i) is central in T-LiGr,!^). 

Proposition 12.1.1. The I^ -level test function 0r,i = [It '■ lt]~^ 4'r{T^*{R'^i)) given by 

(12.1.1) </.,,! = [I, : /+]-! Y. -^-'X e^(G.,/+) 

X6T(Fp)v 

lies in Z{Gr, I^)- 



Later, in Proposition 12.2.1, we shall also find an explicit formula for (jjr,!- Recall that 
the test function (j)j.^i = 4>r{R^i) resp. (t)r^x ~ 4>r{R^x) ^s normalized using the Haar 
measure which gives I^ resp. Ir volume 1. This explains why we divide out by the factor 



[Ir : 1+] = (g - l)'^ on the right side of (12.1.1) 
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Proof. We define convolution on T-L{Gr,I^) using the Haar measure dx whicli gives I^ 
volume 1, so that e^+ := char(Z+) is the identity element. For each ^ E r(Fpr)^, define 
e^en{GrJr,0^'H{Gr,I^)hy 



e^(a 



0, otherwise. 



Here p^ : Ir ^ Q^ is determined from ^ : T(Fpr) — ;• Q^ just as in (9.2.1). 

The set {eg | ^ G T(Fpr)^} forms a complete set of orthogonal idempotents, i.e., 

eg eg/ = (5g,g/ eg, V^,^' G ^(Fpr)^. 

The first equation is clear and the second follows from the Schur orthogonality relations. 

Let Iwt denote the characteristic function of I^wtl^, for w £ W ^^ G{Fr) and t G T(Fpr). 
A calculation shows that for any ^, 

(12.1.2) l«,teg = etugl^t . 

Thus, if [^] denotes the VF-orbit of ^ G T(Fpr)^, and if we set e^gj := X^g/grgiCg/, then 
e[g] G Z{Gr,Ir) and the following result holds. 

Lemma 12.1.2. For [^] G W\T{¥pr)^ , the functions ergi form a complete set o/ central 
idempotents of T-L{Gr,I^)- Hence the ergi give the idempotents in the Bernstein center 
which project the category TZ{Gr) onto the various Bernstein components Tls^{Gr) relevant 
for7i{Gr,I^)- That is, there is a canonical isomorphism of algebras 

(12.1.3) 'HiGr,I+)= n ^(G'r.,/+)e[g] 

Cevy\r(Fj,r)v 

and, for any smooth representation (vr, V) G TZ{Gr), the Gr-module spanned by e^gjF is the 
component ofV lying in the subcategory TZ^^{Gr)- □ 

For each [x] G W\T{¥pY the function 0r,[x] •" Sv'eM 4'r,x' is [Ir'-I^] times the projec- 
tion e\yj(f)r,i of (t)r,i onto the Hecke algebra associated to the Bernstein component corre- 
sponding to the inertial class s^^. To prove that (f)r,i is central is equivalent to showing that 
each ^r,[x] ^s central. 

Fix X S T{¥pY resp. its Weyl-orbit [x\. Let (vr, V) be any irreducible smooth represen- 
tation of Gr- 
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Lemma 12.1.3. Let t G T{¥pr) and w G W. Set x' '■= "'X- Write pr resp. p'^ for p^^ resp. 
p^i . Then the following diagram commutes: 

T,„ 111'* / 

ypr ^ yp'^ 



yPr ^ yp'^ _ 

Proof. We may assume V^'' ^ 0, in which case we may view F as a subquotient of i^^'ixr f])^ 
for some unramified character rj on T{Fr). 

Recall that we chose the uniformizer vj = p, and that we agreed to abbreviate the tu- 
canonical extension x^ resp. xV by Xr resp. Xr- Using the corresponding Hecke algebra 
isomorphism ^^^ resp. '^^ we derive the following equalities: 

the scalar by which (\)r^^ acts on i^ ixr v)^"^ 
= the scalar by which ^^^(0^,;^) acts on i^^'" (tj)^"^ 

Xr 

= the scalar by which ^~, (0r,x') ^-^ts on i^^'' (""r/)*"^ 

Xr 

= the scalar by which (f)r,x' acts on i^^Xx'r^vY'' 
= the scalar by which (py^^i acts on i ^'^ {Xr v)'''' ■ 



The first and third equalities follow from Proposition 9.3.4 The second equality follows, 



via Proposition 11.2. 1| and the Bernstein isomorphism, from the equality 



j^ rj{zun= E "^(^''') 

(note that the correspondence v ^^ v' := ^v gives an equality term- by-term) . The fourth 
equality is obvious. D 

The lemma implies easily that the function 

annihilates every irreducible smooth representation of Gr, hence by the separation lemma 
( |Bej . Lemma 9), the function is zero. Since this holds for every i(;,t, we have proved that 

(t)r,[x] ^ ^{Gr-,It)i as desired. D 



We are about to use (12.1.1) to give a very explicit formula for (/)j.,i, but the centrality of 



(j)r,i is still far from obvious from the explicit formula itself. 
12.2. Explicit formula for the test function (f)r,i- 
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Proposition 12.2.1. Set q := p^ . With respect to the Haar measure dx on Gr which gives 
I^ volume 1, the test function (pr,i is given by the formula (t S T(Fg), w ^W ^^ Gr) 



(12.2.1) (/)^,i(/+tit;-i/+) = < 



0, if w (^ kdxif^ {ij) 

0, if we MuP{ij) hut Nr{t) i Tsi^n,){¥p) 
^ {-if {p - l)'^-l^("')l (1 - q)\S{u>)\-d-i ^ otherwise. 



Proof. We shall use the explicit formulas for the (j)r,x given in Definition 7.1.2 along with 
the formula 



<Prfl{w ) = kfj_^r{w) 



(1 - g)^(*M)-^(«') = (1 _ q)\S{n,)\-i^ if ^ g Adm^(^) 
0, otherwise 



(cf. Proposition 6.3.1 (c)). 

By Definition |7.1.2 and Lemma 6.5.3, 4'r^x^tw~'^) is zero, unless w G Adm(/i) and x 
factors through the quotient "'T(Fp) = T(Fp)/T5(^-)(Fp) (cf. Lemma 6.4.1)), in which case 
it is given by 

0,,^(t«;-l)=X;l(t)(l-g)l^(-)|-l. 

Thus, for w G Adm(;u), equation ( |12.1.1[ ) implies 



X6 ™T(Fp) 



0, ifiv,(t)^rs(^)(Fp) 

(p - 1)°'-I-5HI (1 - q)\S{^)\-^ [q - l)-d^ otherwise. 



The proposition follows. 



D 



12.3. Compatibility with change of level. Convolution with e/^ gives an algebra ho- 
momorphism Z{Gr,I^) —5- Z{Gr,Ir)- 

Corollary 12.3.1. Let (f)^^ denote the Iwahori-level test function (computed using the mea- 
sure which gives Ir volume 1). Then we have 



e/>r,i = [/r :/+]"'' 



>rfl- 



Proof. Recall (Definition 7.1.2) that (jjrfl coincides with (fir.trm where triv denotes the trivial 
character. Now multiply (12.1.1) by e/^. D 



13. Pseudo-stabilization of the counting points formula 

13.1. Parabolic induction and the local Langlands correspondence. First we let 
G denote any split connected reductive group over a p-adic field F. We assume that the 
local Langlands correspondence holds for G{F) and all of its F-Levi subgroups. Let Wp = 
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Wp IX Qi denote the Weil-Deligne group, and for an irreducible smooth representation vr of 
G{F) denote the Langlands parameter associated to vr by 

v?; : w'f ^ dm. 

In what follows we will write G instead of G(Q^) . We are working with <Qi instead of C, so we 
need to specify how the correspondence should be normalized. Following Kottwitz |K92b] . 

_ -1 /o — 

we choose a square root y/p of p in Q^, and use it to define the square-root | • |^ : F^ — )■ Q^ 
of the normalized absolute value | • |i? : -F^ — )• Q^. Use this to define (unitarily normalized) 
induced representations such as i^(0 ^^'^ to normalize the local Langlands correspondence. 
Let P = MN be an F-parabolic subgroup, with F-Levi factor M and unipotent radical 
N. Suppose vr resp. a is an irreducible smooth representation of G{F) resp. M{F). There 
is an embedding M ^^ G, which is well-defined up to conjugation in G. Then if vr is a 
subquotient of i^{cr), we expect that 

(p'^lwp --Wf ^ G 
is G-conjugate to 

V^'alwp -.Wf^M^G. 

CA UTION: The expectation concerns the restrictions of the parameters to the subgroup Wf 
of W'p] obviously it is not true for the parameters themselves. 

Remark 13.1.1. The above expectation is true when G = GL^. This is a consequence of 
the way the local Langlands correspondence for supercuspidal representations is extended 
to all irreducible representations, cf. |Rod| . §4.4, which we now review. Any representation 
if' : Wp — )• GLrf(Q^) can be written as a sum of indecomposable representations 

if' = (ti (g) sp(ni)) ® • • • © (r^ (g) sp(n.r)) , 

where each tj is an irreducible representation of Wp of dimension di, and sp(nj) is the 
special representation of dimension rii. If vr(Tj) is the supercuspidal representation of GL^j 
corresponding to Tj, then the local Langlands correspondence associates to ^' the Bernstein- 
Zelevinski quotient L(Ai, . . . , A^), where Aj is the segment [vr(Tj), vr(rj(nj — 1))], cf. jRodj . 
This is because of Jacquet's calculation in |Jacj . showing that the L- and e- factors of ip' and 
of L{Ai, . . . , Ar) agree, knowing the corresponding fact for each tj and vr(rj). Moreover, it 
is clear that any representation with the same supercuspidal support as L{Ai, • • • , A^) has 
the same 93-parameter (up to permutation of the factors tj | • p, that is, up to G-conjugacy). 

Remark 13.1.2. We use the above compatibility only in the special case where G = GL^ 
and M = T is the diagonal torus. Recall that, for any F-split torus T, the Langlands 
parameter (f'c : Wf — )• T'(Q^) associated to a smooth character ^ : T{F) — )• Q^ (here 
and Q^ have the discrete topology) is given by the Langlands isomorphism ^ -H- (/?£ 

(13.1.1) Homeo„ts(T(F),Q^^) = Hi^,,iWF,f) = Homco„ts(W^F,r), 
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which is defined by requiring, for every v G X^.{T) = X*{T) and every w € Wp, the equahty 

(13.1.2) v{^'^{w))=i{u{TF{w))). 

Here Tp '■ Wp — t- -F^ induces the isomorphism Art^ : W^ ^ F^ of local class field theory, 
and is normalized so that a geometric Frobenius ^ G Wp is sent to a uniformizer in F. 

Suppose $ G Wp is a geometric Frobenius such that Tp{^) = w. The compatibility 
above then asserts that, if vr is a subquotient of i%{i), then for any v G X^{T) = X*{T) we 
have 

(13.1.3) v{^'^{<^))=aw''). 

13.2. A spectral lemma. We now turn to the spectral characterization of the image of 



the test functions 4)r,x under the base change homomorphism (10.1.3). So here the local 
field is F = Qp, and the reductive group G over F is the localization at p of our global 
group. We will often write G in place of G(Qp), etc. 

Fix X as before and set fr,x ~ ^r{4>r,x) S Z{G,I,x)- Given an irreducible smooth 
representation tt of G(Qp), consider the homomorphism 

if^ : Wq^ X SL2(Q£) ^ dm 

which is constructed from ip'^ using the Jacobson-Morozov theorem. Note that the G- 
conjugacy class oi fn is well-defined. Let <1> G Wq^ denote any geometric Frobenius element. 
Let Ip C Wqp denote the inertia subgroup. 

Lemma 13.2.1. Let jjl denote the cocharacter of Gq^ which under the isomorphism Gq^ = 
GLj^ X Gm corresponds to {no, 1). Let /i* = —wo{fj,) denote its dual coweight. Let (y^*,r^*) 
denote the irreducible representation of ^{Gq ) with extreme weight fi* . Let vr be an irre- 
ducible smooth representation of G{'Qp). Then fr^^. ^ ^{G,L,x) o,cts by zero on n, unless 
IT belongs to the category 1Z^^{G). In that case, fr^x ^^^^ '^'^ '^^^ ^V ^^^ scalar 

(13.2.1) p^^P''^*^ TY(v o M^' X p7^ /,,] ), y;0- 

Note that p''\^'^*/ and Tr(r^* o ip^^^- • • )) each depend on the choice of y/p G Qf used to 
normalize the correspondence tt o c/Jtti but their product is independent of that choice. 

Proof. The first part of the statement is clear, so we may assume vr belongs to 1Z^^{G). 

Without loss of generality, we may assume TQp{^) = w = p, viewed as a uniformizer in 
Zp. Let X = X^ denote the tz7-canonical extension of x- There is an unramified character 
r] of T{Qp)) such that vr is an irreducible subquotient of i%{x^ rj). To ease notation, set 

Now we consider the Langlands homomorphism ip'c : Wq — )• T. Following Roche ( [Roj . 
p. 394), we see that the restriction of ip'c to the inertia subgroup Ip C Wq^ depends only on 
X, and we denote that restriction by r^. We consider its image im(T^) = Tx{Ip) C T. 
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It is clear that V S = V"^ is the sum of T- weight spaces 



E^M*M> 



where u runs over the characters of T such that z^(ini(r;^)) = 1 or, equivalently (cf. (13.1.2)), 
such that X ° ^{'^p) = 1 (viewing u as a. cocharacter) . 

Now because x is a character which is trivial on the Gm-factor of T = (GJ^) x G^, to 
continue we may ignore that Gm-factor and proceed as if G = GL^. In that case iV^ 



/!', ' /I' 



is just the contragredient of the standard representation of G = GL(i(Q£) and so the weights 
of Vf^* are just the vectors — ej, {i = 1, . . . ,d). li v = —Ci, we have x ° ^{^p) = 1 if and 
only if Xi = triv. 

So, if there is no index i with Xi = triv, then V * = 0. But then we also have fr^x ~ ^ 
(cf. Definition 7.1.2), and so the lemma holds in this case. 

Now assume there is such an index i, and as before denote by /x}, the M^-dominant 
element of the IV^-orbit 



Then we find that (13.2.1) is equal to 
(13.2.2) 



P 



:'"(p.A«*> 



^ ^(c^;(ci>^'))=/<^.^*) Y. ^(^'■') 



uGWxfi 



XA'x 



u&W^til 



xf^x 



where we used (13.1.3), together with xvi'^^ 



Ty(ro'" 



On the other hand, using Proposition 11.2.1, the quantity (13.2.2) is eas ily seen to be 

M, .__x/,._ T.__ T "lo.l.ll this is 

D 



the scalar by which ^x(/r,x) = ^r(^x('?^''.x)) ^^^^ '-'^ '^b^, (^) *^^- -^^ Lemma 
the scalar by which /r,^ acts on i^ix'n)^^- This completes the proof. 



Corollary 13.2.2. Let /,,i = [/ : /+]-' ExeT(F,)v /r,x = 
ducible smooth representation vr of G{Qp), we have 

tnr{fr,i) = dim{^^^^)p''^P'^'"^ Tr(r^* o (^^(^'^ x 



.^i). Then for every irre- 



"ii* J- 



Here, the trace on the left hand side is computed using the Haar measure which gives I^ 
volume 1. 



Remark 13.2.3. The above is an equality of numbers in Q^. We may also view it as an 
equality of numbers in C, when considering the usual framework of representations vr over 
C, and Langlands parameters taking values in ^G = G(C) x Wq^. We shall do this in what 
follows. 



13.3. Definition of the semi-simple local L-function. We define the semi-simple local 
L-factor L^^{s, Tip, r^j^*) by an expression like that on the right hand side of Corollary 13.2.2 
as follows. 
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Let TTp denote an irreducible smooth representation of G{Qp) (on a C- vector space), and 
let if'^ : WL — )• G(C) denote its Langlands parameter. Let {V,rv) denote a rational 
representation of G(C). We define the semi-simple trace of 

acting on V by 

Tr-(v.;^($^),y):=TV(v.;^($^),y^-). 

Here V^p is an abbreviation for V^'''°'^''p^ ^' . Now define the function L**(s,7rp,ry) of a 
complex variable s by the identity 





t/2 



log(L-(.,vr„rv')) = Y,^,^'{h^'.^^1,V) 



p-rs 



r=l 

13.4. Determination of the semi-simple local zeta function. We now return to the 
notational set-up of section [3J We make the additional assumption that D is a division 
algebra. Then the group G^er is anisotropic over Q and G has "no endoscopy" in the sense 
that the finite abelian groups .^(/q/Q) are all trivial, cf. |K92bj . (Recall that Iq = G^^ 
for a semi-simple 70 G G(Q).) Furthermore, the moduli scheme ^1 = Ai^kp is proper over 
SpecZp, cf. [K92j. Our goal is to express Zp^{s,Ai^Kp), the local factor of the semi-simple 
zeta function, in terms of the local automorphic L-functions L^^{s, TTp, r^*). That is, we will 
prove Theorem 1.0.3 and Corollary 1.0.4| in the Introduction. Our strategy is exactly the 



same as that of Kottwitz |K92bj . so we shall give only a brief outline after recalling the 
definitions. 

In our case, where Ep = Qp, the semi-simple local zeta function Zp^{s,Ai^Kp) is the 
function of a complex variable s determined by the equality 



p-rs 



\og{Z;'{s,Ai,Kp)) = ^[^{-iyTT^'{% , H\Ai,Kp ^EEpX 

r=l i 

= 5^Lef-($p^i^^l)^. 

For the second equality we are using the identification 

H\Ai,Kp Ci)E Ep , Qg) = H\Ai,Kp ® Fp , mi) 

and the Grothendieck-Lefschetz fixed-point theorem for semi-simple traces (see |HN| ) . The 
quantities 

(13.4.1) Lef^^($^,i?*i)= Y. cijo;7,S)0^{r)TOs.{(Pr,i), 

which a priori belong only to Q^, actually belong to Q because (pri takes rational values 



(cf. Proposition 12.2.1) and because of the choices for the various measures defining the 
right hand side (see [K90J . §3). Thus Zp'^{s,Ai^Kp) is a well-defined function of a complex 
variable s, independent of any choice of an isomorphism Q^ = C. 
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Let US simplify the right hand side of (13.4.1), following Kottwitz's method (and freely 
using his notation). Arguing as in [K90] . §4 and [K92b] , §5, we see that ^(Iq/Q) = 1 implies 



that the right hand side of ( |13.4.1 ) is equal to 

<G) Y, Yl ^(^''^) • 07(/n • T^OsMr,i) ■ vo1(^g(M)°\/(M))-\ 

70 (7,<5) 

where / denotes the inner form of Iq = G-yg mentioned at the beginning of section [Sl As in 
|K92bj . p. 662, e(7, 6) is the product of the Kottwitz signs 

e(7,5) = e(7)e((5)eoo(7o) 



defined there. The "fundamental lemma" (cf. Theorem 10.2.1) asserts that for every semi- 
simple 7p G G{Qp), 



(13.4.2) 



SO^,(/.,i) = 5]e(J)T05.(</'r,i), 
6 



where 6 ranges over a set of representatives for the a-conjugacy classes of elements 5 € G{Lr) 
such that Nr{5) is conjugate to jp in G{Qp). Note that, since Gq^ = GL^ x Gm, there is at 
most one summand on the right hand side of (13.4.2). 

Letting (— l)'^~^/oo denote a pseudo-coefficient of the packet IIoo, we have SO^o(/( 



■yo\J coj 



0, 



unless the semi-simple element 70 is M-elliptic, in which case 

S0^o(/oo) = 600(70) vo1(Ag(M)°\/(M))-\ 

cf. |K92b| ■ Lemma 3.1. Since 70 in ( 13.4.1[ ) ranges only over M-elliptic elements, we can 
put these remarks together to see 



(13.4.3) 



Lef''i<^l,mi) = T{G)J2SO^oirfr,if. 



70 



where now 70 ranges over all stable conjugacy classes in G(Q), not just the M-elliptic ones. 
Since Gder is anisotropic, the trace formula for any / G C^{Ag(J^)°\G{A)) is given by 



(13.4.4) 



Y,r{G,)0^{f) = Y,^{7T)trnif), 



where 7 ranges over conjugacy classes in G(Q) and vr ranges over irreducible representations 
in L^{G{Q)Ag{R)°\G{A.)). By [K92b] . Lemma 4.1, the vanishing of all Si{Io/Q) means that 

(13.4.5) j;r(G^)0^(/) = r(G) j;SO^„(/), 

7 70 

where 70 ranges over a set of representatives for the stable conjugacy classes of 70 G G(Q). 
Combining equations ( 13.4.3 ), ( |13.4.4 ), and ( |13.4.5| ), we get 

(13.4.6) Lef''i¥^,mi) = Y,m{^)^^<f kifoo), 



which proves Theorem 1.0.3 
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Now we can deduce Corollary 1.0.4 The right hand side of (13.4.6) can be written as 



y^ y^ "T-(vr/ (gJVToo) • tr7r^(/P) • tr7rp(/r,i) • tr7roo(/oo), 

that is, invoking Corollary |13. 2. 2[ as 

J]a(7r;)dim(^f)p-/2Tr-(v.;^($'-), V,,). 



Corollary 1.0.4 follows easily from this and the definitions. D 

14. Appendix: Support of Bernstein functions 

14.1. Nonstandard descriptions of the Bernstein functions. Let % denote the affine 
Hecke algebra associated to a based root system S, with parameters Vs (for s a simple 
affine reflection). In the equal parameter case, each Vg should be thought of as q^'"^. Let 
Tg = vJ^Tg. For w ^ W with reduced expression w = si- ■ ■ SrT, write T^ := T^^ • • • Tg^Tj- 
(this element of 7^ is independent of the choice of reduced expression for w). For a translation 
element tx G W, write Tx in place of Tj^. Setting Qg := v~^ — Vg, we have the relation 

T-i = T, + Qg. 

Suppose the simple affine reflections are the reflections through the walls of a (base) 
alcove a C X^, (gi M. Denote the Weyl chamber that contains a by Co . This determines the 
notion of positive root (those which are positive on Cq) and dominant coweight (those which 
pair to M>o with any positive root or, equivalently, those belonging to the closure of Cq). 
For any A G X* we define 

where A = Ai — A2 and each Aj is dominant. The element &^ is independent of the choice 
of the Aj (use that for dominant coweights z^, /i, we have Ti^+^ = T^T^). 

Now let C be any Weyl chamber in the same apartment and having the same origin as 
Cq. We would like to define in an analogous manner an element B^ by setting 

where A = Ai — A2 and each Aj is C- dominant, i.e., it lies in the closure of the chamber 
C. However, we need to show that this definition is independent of the choice of the Aj. 
This follows from the previous independence statement and the following standard lemma. 
Indeed, in using the lemma we take v ^W tohe the unique element such that vCq = C. 

Lemma 14.1.1. For any dominant coweight A and any element v £ W , we have 

Proof. First note that vtx = t^xv and that the dominance of A implies i{vtx) = £{v)+i{tx) = 
i{v) + £{tyx)- These statements then imply T^Tt^ = T^t^ = Tt^^y = Tt^^T^. The desired 
formula follows. D 
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This proves that 0^ is well-defined, and at the same time proves the following simple 
proposition. We set z^ = X];jgvKu ®A- From now on we will write Ga (resp. z^) in place of 
Q^ (resp. z9i°). Recall we know already that z^ G ■^(^)- We call z^ the Bernstein function 
associated to //. 



Proposition 14.1.2. Let v £ W be the unique element such that vCq = C. Then 



Tv@\T^ = 6^ 



and thus 



■^p. ~ ^v ZfJ-^'^v 



D 



14.2. Alcove walk descriptions of Bernstein functions. We apply A. Ram's theory 
of alcove walks [Ramj . as developed by U. Gortz [G2j . 

The theory of alcove walks, with the orientation determined by the Weyl chamber C (the 
one opposite C), gives alcove walk descriptions for the elements 0^. They take the following 
form. Let b denote an alcove which is deep inside C. For any expression 

(which need not be reduced), we have the equality 

where the signs e G {il} are determined as follows. For each z/, consider the alcove 
Cu '■= -Sii ■ ■ ■ Si^_-^ai, and denote by Hi, the affine root hyperplane containing the face shared 
by Cjy and c^+i. Set 

1 if Cu is on the same side of Hi, as b 
-1 otherwise. 

We call such an expression for 0^ an alcove walk description. Clearly, summing over 
A G W^i yields an alcove walk description for z^. Once we have fixed the expressions for 
each tx, each choice of Weyl chamber yields a different alcove walk description of z^. We 
call the ones that come from C ^ Cq the nonstandard alcove walk descriptions. 

14.3. The support of z^. Recall that, by definition, Adm(^) consists of the finite set of 
elements w G W such that w <tx for some A G Wfi. In this section we prove the following 
result. 

Proposition 14.3.1. The support of z^ is precisely the admissible set Adm(/i). 

Proof. See |Hlaj for the inclusion supp(z^) C Adm(^). (Alternatively: this inclusion is 
obvious from the alcove walk description of the function 0^ which comes from a reduced 
expression for t\.) 
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Suppose w S Adm(/i). Fix an element A S Wfj, such that w < tx in the Bruhat order. 
Now fix the Weyl chamber C such that the alcove A + a belongs to the opposite Weyl 
chamber C. 

Note that A = — (— A) and that —A is C-dominant. It follows from the definition of 0^ 
that 

where tx = Si-^^ ■ ■ ■ Si^^T is any reduced expression for tx- 

But from jHlbj . Lemma 2.5, any element w < tx belongs to the support of the right 
hand side. Furthermore, any element in the support of 0^ also belongs to the support of 
z^. Indeed, it is enough to observe ( |Hla| . Lemma 5.1), that when a function of the form 
0^ = Tx^T^ is expressed as a linear combination of the basis elements T^ {w G W), then 
the coefficients which appear are polynomials in the renormalized parameters Qs, with non- 
negative integral coefficients. Thus, cancellation cannot occur when the various functions 
0^ are added in the formation of z^. 

This completes the proof of the proposition. D 



References 

[BD] J.-N. Bernstein, redige par P. Deligne, Le "centre" de Bernstein, pp. 1-32, in: Representations des 
groupes reductifs sur un corps local, Travaux en cours, Hermann, 1984, 157 pp. + i. 

[Be] J. Bernstein, Representations of p-adic groups, Notes taken by K. Rumelhart of lectures by J. Bern- 
stein at Harvard in the Fall of 1992. 

[BTl] F. Bruhat, J. Tits, Groupes reductifs sur un corps local. I, Inst. Hautes Etudes Sci. Publ. Math. 41 
(1972), 5-251. 

[BT2] F. Bruhat, J. Tits, Groupes reductifs sur un corps local. II, Inst. Hautes Etudes Sci. Publ. Math. 60 
(1984), 5-184. 

[BK] C. J. Bushnell and P. C. Kutzko, Smooth representations of reductive p-adic groups: structure theory 
ma types, Proc. London Math. Soc. (3) 77 (1998), 582-634. 

[Ca] W. Casselnian, The unramtfied principal series of p-adic groups I. The spherical function, Compositio 
Math. 40 (1980), 387-406. 

[CI] L. Clozel, The fundamental lemma for stable base change, Duke Math. J. 61, 255-302 (1990). 

[SGA] P. DeHgne, Le formalisme des cycles evanescents, pp. 82-115, in: Groupes de monodromie en 
geometric algebrique. Seminaire de Geometric Algebrique du Bois-Marie SGA 7, H. Lecture Notes 
in Mathematics, Vol. 340. Springer- Verlag, Berlin-New York, 1973. x-|-438 pp. 

[D] P. Deligne, Sommes trigonometriques, pp. 168-232, in: Cohomologie etale. Seminaire de Geometric 

Algebrique du Bois-Marie SGA 4|. Lecture Notes in Mathematics, Vol. 569. Springer- Verlag, Berlin- 
New York, 1977. iv+312pp. 

[DKV] P. Deligne, D. Kazhdan, M.-F. Vigneras, Representations des algebres centrales simples p-adiques, 
p. 33-117, in: Representations des groupes reductifs sur un corps local, Travaux en cours, Hermann, 
1984, 157 pp. + i. 

[DR] P. Deligne, M. Rapoport, Les schemas de modules de courbes elliptiques, pp. 143-316, in: Modular 
functions of one variable, H (Proc. Internal. Summer School, Univ. Antwerp, Antwerp, 1972). Lecture 
Notes in Math., Vol. 349, Springer, Berlin, 1973. 

[Dr] V. Drinfeld, Elliptic modules. English translation: Math. USSR-Sb. 23 (1974), no. 4, 561-592. 



Shimura varieties with Fi (p)-level via Hecke algebra isomorphisms 69 

[GN] A. Genestier, B. G. Ngo, Alcoves et p-rang de varietes abeliennes, Ann. Inst. Fourier 52 (2002), 

1665-1680. 
[GT] A. Genestier, J. Tilouine, Systemes de Taylor-Wiles pour GSp4, pp. 177-290, in; Formes automor- 

phes. II. Le cas du groupe GSp(4). Asterisque 302 (2005). 
[Go] D. Goldstein, Hecke algebra isomorphisms for tamely ramified characters. PhD thesis. University of 

Ghicago, 1990. 
[Gl] U. Gortz, On the flatness of models of certain Shimura varieties of PEL-type, Math. Ann. 321 (2001), 

no.3, 689-727. 
[G2] U. Gortz, Alcove walks and nearby cycles on affine flag manifolds, J. Alg. Comb. 26 (2007), 415-430. 
[GH] U. Gortz, T. Haines, The Jordan-Hoelder series for nearby cycles on some Shimura varieties and 

affine flag varieties, J. Reine Angew. Math. 609 (2007), 161-213. 
[GY] U. Gortz, C.-F. Yu, The supersingular locus in Siegel modular varieties with Iwahori level structure, 

preprint (2008), a rXiv:0807.122 9 To appear. Math. Annalen. 
[Hla] T. Haines, The combinatorics of Bernstein functions. Trans. Amer. Math. Soc. 353 (2001), 1251- 

1278. 
[Hlb] T. Haines, Test functions for Shimura varieties: the Drinfeld case, Duke Math. J. 106 (2001), 19-40. 
[H05] T. Haines, Introduction to Shimura varieties with bad reduction of parahoric type. Clay Math. Proc. 

4 (2005), 583-642. 
[H09] T. Haines, The base change fundamental lemma for central elements m parahoric Hecke algebras, 

Duke Math. J. 149 (2009), 569-643. 
[HIO] T. Haines, Base change for Bernstein centers of depth-zero principal series blocks, in preparation. 
[HKP] T. Haines, R. Kottwitz, A. Prasad, Iwahori-Hecke algebras, J. Ramanujan Math. Soc. 25, No. 2 

(2010), 113-145. 
[HN] T. Haines, B. C. Ngo, Alcoves associated to special fibers of local models, Amer. J. Math. 124 (2002), 

1125-1152. 
[HP] T. Haines, A. Pettet, Formulae relating the Bernstein and Iwahori-Matsumoto presentations of an 

affine Hecke algebra, J. of Algebra 252 (2002), 127-149. 
[HR] T. Haines, M. Rapoport, On parahoric subgroups, Advances in Math. 219 (2008), 188-198; appendix 

to: G. Pappas, M. Rapoport, Twisted loop groups and their affine flag varieties. Advances in Math. 

219 (2008), 118-198. 
[HT] M. Harris, R. Taylor, The geometry and cohomology of some simple Shimura varieties. Annals of 

Math Studies 151, Princeton Univ. Press, 2001, 276 pp. -f vi. 
[HT2] M. Harris, R. Taylor, Regular models of certain Shimura varieties, Asian J. Math. 6 (2002), 61-94. 
[HL] R. B. Hewlett, G. I. Lehrer, Induced cuspidal representations and generalized Hecke rings. Invent. 

Math. 58 (1980), 37-64. 
[I] L. lUusie, Autour du theoreme de monodromie locale, pp. 9-57, in: Periodes p-adiques (Bures-sur- 

Yvette, 1988). Asterisque 223 (1994). 
[Ito] T. Ito, Hasse invariants for some unitary Shimura varieties, pp. 1565-1568, in: Algebraische Zahlen- 

theorie. Abstracts from the workshop held June 17-23, Oberwolfach Rep. 4 (2007). 
[Jac] H. Jacquet, Principal L-functions of the linear group, pp. 63-86, in: Automorphic forms. Represen- 
tations and L-functions. Proc. Symp. Pure Math. 33, part 2, Amer. Math. Soc, Providence, Rhode 

Island, 1979. 
[KM] N. Katz, B. Mazur, Arithmetic moduli of elliptic curves, Ann. Math. Studies 108, Princeton Univ. 

Press, 1985, 514 pp. + xiv. 
[K82] R. Kottwitz, Rational conjugacy classes m reductive groups, Duke Math. J. 49 (1982), 785-806. 
[K84] R. Kottwitz, Shimura varieties and twisted orbital integrals. Math. Ann. 269 (1984), 287-300. 
[K86] R. Kottwitz, Base change for unit elements of Hecke algebras, Comp. Math. 60 (1986), 237-250. 



70 T. Haines and M. Rapoport 

[K90] R. Kottwitz, Shimura varieties and X-adic representations, pp. 161-209, in: Automorphic forms, 

Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988), Perspect. Math., 10, Academic 

Press, Boston, MA, 1990. 
[K92] R. Kottwitz, Points of some Shimura varieties over finite fields, J. Amer. Math. Soc. 5 (1992), 

373-444. 
[K92b] R. Kottwitz, On the X-adic representations associated to some simple Shimura varieties, Inv. Math. 

108 (1992), 653-665. 
[K97] R. Kottwitz, Isocrystals with additional structure. II, Compositio Math. 109 (1997), 255-339. 
[KR] R. Kottwitz, M. Rapoport, Minuscule alcoves for GLn and GSp2n, Manuscripta Math. 102 (2000), 

403-428. 
[Kur] S. Kudia, M. Rapoport, Special cycles on unitary Shimura varieties II: global ifeeory, |arXiv:0912.3758| 
[Ku] S. Kudla, Letter to Rapoport, April 18, 2010. 
[Lab] J. -P. Labesse, Fonctions elementaires et lemme fondamental pour le changement de base stable, Duke 

Math. J. 61 (1990), 519-530. 
[Lan] K. W. Lan, Arithmetic compactifications of PEL Shimura varieties, preprint 2010, available at 

'http://www.math.princeton.edu/~klan/articles/cpt-PEL-type-thesis-revision-20100208.pdf 
[L] R. P. Langlands, Modular forms and i'-adic representations. In Modular functions of one variable, 

II (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972), pp. 361-500. Lecture Notes in 

Math., vol. 349, Springer, Berlin, 1973. 
[Lus] G. Lusztig, Affine Hecke algebras and their graded versions, J. Amer. Math. Soc. 2 (1989), 599-635. 
[Mor] L. Morris, Tamely ramified intertwining algebras. Invent. Math. 114 (1993), 1-54. 
[OT] F. Oort, J. Tate, Group schemes of prime order, Ann. sci. Ecole Norm. Sup. 4"^ serie, 3 (1970), 1-21. 
[P] G. Pappas, On the arithmetic moduli schemes of PEL Shimura varieties, J. Alg. Geom. 9 (2000), 

577-605. 
[Ram] A. Ram, Alcove walks, Hecke algebras, spherical functions, crystals and column strict tableaux. Pure 

Appl. Math. Q. 2 (2006), no. 4, part 2, 963-1013. 
[RpO] M. Rapoport, On the bad reduction of Shimura varieties, pp. 253-322, in: Automorphic forms, 

Shimura varieties, and L-functions, Vol. II (Ann Arbor, MI, 1988), Perspect. Math., 11, Academic 

Press, Boston, MA, 1990. 
[Rp] M. Rapoport: A guide to the reduction modulo p of Shimura varieties. Asterisque 298 (2005), 

271-318. 
[RZ] M. Rapoport, T. Zink, Period spaces for p-divisible groups. Annals of Math. Studies 141, Princeton 

University Press, 1996, 324 pp.-|-xxi. 
[Ro] A. Roche, Types and Hecke algebras for principal series representations of split reductive p-adic 

groups, Ann. Sci. Ecole Norm. Sup. 4*=e serie, 31 (1998), 361-413. 
[Rod] F. Rodier, Representations de GL(n, fc) ou k est un corps p-adique, Bourbaki Seminar, Vol. 

1981/1982, pp. 201-218, Asterisque 92-93, Soc. Math. France, Paris, 1982. 
[Sci] P. Scholze, The Langlands- Kottwitz approach for the modular curve, preprint 2010. |arXiv:1003. 1935 



[Sc2] P. Scholze, The Langlands-Kottwitz approach for some simple Shimura varieties, preprint 2010. 

arXiv:1003.2451 
[Str] M. Strauch, Galois actions on torsion points of one- dimensional formal modules. Journal of Number 

Theory 130 (2010), 528-533. 
[Ti] J. Tits, Reductive groups over local fields, pp. 29-69, in: Automorphic forms, Representations and 

L-functions. Proc. Symp. Pure Math. 33, part 1, Amer. Math. Soc, Providence, Rhode Island, 1979. 
[Vo] D. Vogan, The local Langlands conjecture. In: Representation Theory of Groups and Algebras, 

Contemp. Math. 145 (1993), 305-379. 



Shimura varieties with Fi (p)-level via Hecke algebra isomorphisms 71 



University of Maryland 
Department of Mathematics 
College Park, MD 20742-4015 U.S.A. 
email: tjli@matli.umd.edu 

Mathematisches Institut dcr Univcrsitat Bonn 

Endenicher AUee 60 

53115 Bonn, Germany. 

email: rapoport@math.uni-bonn.de 



